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Abstract 

A general route, which provides thiomorpholinomethyl indolin-3-ylidene 

derivative of hydrazinecarboxamide, is examined. Herein, we report the 

development of methodology for easy access to thiomorpholinomethyl derivatives 

of isatin and it’s hydrazinecarboxamides. The products are obtained with high 

yield. We have characterized the products synthesized by using IR and NMR 

spectroscopic techniques. A good agreement is observed for the spectral data with 

the structure of the compounds synthesized. 

Keywords: Isatin, Heterocycles, Mannich Bases, Schiff Bases. 

Introduction 

Heterocycles are remarkable class of compounds for their wide application as 

pharmacological active products, neurotransmitters, analgesic agents etc(Katritzky 

& Fan, 1990). Moreover, they serve as useful tool for the synthesis of biologically 

active compounds(Jampilek, 2019). 
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Isatin (1H-indole-2,3-dione) is the 2,3-diketo derivative of indole. It has 

extraordinary uses by chemists as an starting material of various synthetic 

protocol, especially isatin and it’s derivatives represent a group of heterocyclic 

compounds that can be used as a precursor of drug synthesis(Pakravan et al., 2013; 

Silva et al., 2001; Varun et al., 2019). Mannich bases and Schiff bases of Isatin 

have found synthetic utilities(Afsah et al., 2015; Bekircan & Bektas, 2008) and 

biological activities(Abdulghani & Abbas, 2011; Ferraz de Paiva et al., 2021). 

Previously, morpholinomethyl and piperidin-1-ylmethyl derivatives of isatin was 

synthesized and tested for cytotoxicity(Bagum et al., 2013; Bagum & Islam, 2015). 

In this research paper, we report the synthesis and characterization of 

thiomorpholinomethyl derivatives of isatin and it’s hydrazinecarboxamides. 

Earlier, researcher worked on the various complexes of Mannich bases(Raman et 

al., 2004). We take the opportunity to prepare both Mannich bases and Schiff 

bases to introduce heterocycle as well as functionality. The significance of this 

research is that the functionalized heterocyclic compounds can be accessed easily 

which would be useful as precursor for further studies.  

Materials and Methods 

Starting materials were obtained from Sigma Aldrich, Apollo Scientific, or Acros 

Organics. Reactions were carried out in oven-dried glassware. Minutes (min), 

hours (h) and days (d) were used to record reaction times. Light petroleum ether of 

boiling point 40-60℃ was used, without further purification, as purchased from the 

commercial suppliers. Solvents were evaporated under reduced pressure at 40 °C. 

Büchi R-100 rotary evaporator, attached to a vacuum pump V-100 and 

recirculating chiller F-100 system were used to evaporate solvents.  

2
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Merck aluminium foil backed sheets precoated with 0.2 mm Kielselgel 60 F254 was 

used to perform Analytical thin-layer chromatography (TLC). Kielselgel 60 silica 

gel (60-120 mesh particle size) was used to accomplish column chromatography. 

The eluents are identified clearly for each column. 

IRPrestige-21 was used to record IR spectra and Bruker AscendTM 400 (400 MHz) 

was used to record NMR spectra by the assistance at the Wazed  Miah Science 

Research Centre, Jahangirnagar University, Dhaka.  

Synthesis of 1-(thiomorpholinomethyl)indoline-2,3-dione 2 

A mixture of isatin 1 (0.5g, 3.397 mmol), formaldehyde (0.75 mL) and 

thiomorpholine (0.665 mL, 3.397 mmol) in 10 mL methanol was refluxed for 4h at 

100℃. The reaction mixture was kept at refrigerator overnight. The crystal thus 

deposited was filtered and re-crystallized with methanol to embellish yellowish 

orange crystalline solid 2 having the percent of yield 86%  and Rf  0.81 (Ethyl 

acetate:CHCl3, 1:2). 

 
Scheme 1: Synthesis of 1-(thiomorpholinomethyl)indoline-2,3-dione 2 

IR (cm-1): 3050 (aromatic C-H str.), 2928, 2866, 2824 (aliphatic C-H str.), 1732 

(C=O str.), 1609 (C=O str., amide), 1472 (aromatic C=C str.); 1H NMR (ppm): 

7.6-7.1 (4H, m, aromatic-H), 4.5 (2H, s, N-CH2-N), 2.9 (4H, s, CH2-N-CH2),  2.7 

(4H, s, CH2-S-CH2); 13C NMR (ppm): 183.0 (C=O), 159 (C=O, amide), 151.0, 

3
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138.0, 125.0, 124.0, 117.6, 111.7 (aromatic C), 63.2 (N-CH2-N), 52.6 (CH2-N-

CH2), 27.6 (CH2-S-CH2).  

Synthesis of (Z)-2-(2-oxo-1-(thiomorpholinomethyl)indolin-3 ylidene) hydrazine- 

ecarboxamide 3 

A mixture of 0.25g of 1-(thiomorpholinomethyl)indoline-2,3-dione 2, 0.106g of 

semicarbazide and 7.5 mL of methanol was refluxed for 11-12 hours at 100℃. The 

reaction mixture was kept in room temperature for several hours. Solvent was then 

removed by rotary evaporator. The crude product was then recrystallized in 

methanol to furnish dark yellow crystalline product 3 having a yield of 90%. TLC 

ran in ethyl acetate:n-hexane (1:1) gave single spot with Rf value 0.20. 

 
Scheme 2: Synthesis of (Z)-2-(2-oxo-1-(thiomorpholinomethyl)indolin-3-ylidene)-  

hydrazinecarboxamide 

IR(cm-1): 3470, 3302 (NH2 str.), 3238 (NH str.), 3134, 3003 (aromatic C-H str.), 

2822 (aliphatic C-H str.), 1705, 1624 (C=O str.), 1578, 1466 (aromatic C=C str.); 
1H NMR (ppm): 7.6-6.9 (4H, m, aromatic-H), 5.1 (1H, s, NH), 3.5 (2H, s, N-CH2-

N), 3.3 (4H, s, CH2-N-CH2)  2.7 (4H, s, CH2-S-CH2), 1.6 (2H, s, NH2).  

Synthesis of (Z)-2-(2-oxo-1-(thiomorpholinomethyl)indolin-3-ylidene)-N-

(thiomorpholinomethyl)hydrazinecarboxamide 4 

In 20 mL distilled methanol, 0.1g of (Z)-2-(2-oxo-1-

(thiomorpholinomethyl)indolin-3-ylidene)hydrazinecarboxamide 3, 0.09 mL of 



5

Barishal University Journal of Science and Engineering, Vol. 8: 1-18 (2023)                                    Synthesis and Characterization...

 

 

formaldehyde and 0.0613 mL of thiomorpholine in molar ratio 1:1 

(3:thiomorpholine) were added orderly with vigorous stirring. The reaction 

mixture was then refluxed for 4 hours at 100℃ and kept overnight at room 

temperature. Solvent was removed by rotary evaporator. The crude product was re-

crystallized in methanol to furnish yellow crystal 4. The product was then weighed 

and the calculated percent of yield was 77% and Rf value 0.28 (Ethyl acetate: n-

hexane, 1:2). 

 
Scheme 3: Synthesis of (Z)-2-(2-oxo-1-(thiomorpholinomethyl)indolin-3-ylidene)-

N-(thiomorpholinomethyl)hydrazinecarboxamide 4 

IR(cm-1): 3356, 3265 (NH str.), 3050 (aromatic C-H str.), 2909, 2805 (aliphatic C-

H str.), 1678, 1612 (C=O str.), 1526, 1468 (aromatic C=C str.); 1H NMR (ppm): 

7.6-7.0 (4H, m, aromatic-H), 6.8 (1H, s, NH), 4.8 (1H, s, NH), 4.70 (2H, s, N-

CH2-N), 4.5-4.1 (8H, m, CH2-N-CH2)  2.8 (8H, s, CH2-S-CH2); 13C NMR (ppm): 

162.2 154.6 (C=O, amide and semicarbazide), 143.0, 130.6, 123.2, 120.2, 119.7, 

110.5 (aromatic C), 82.2 (N-CH2-N), 53.4 (CH2-N-CH2), 27.9 (CH2-S-CH2).    

Results and Discussion 

The compound 1-(thiomorpholinomethyl)indoline-2,3-dione 2 was prepared 

according to the protocol described in materials and method section. The 

hydrazinecarboxamide 3 was prepared by the reaction of 2 with semicarbazide in 
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glacial acetic acid. The compound (Z)-2-(2-oxo-1-(thiomorpholinomethyl)indolin-

3-ylidene)-N-(thiomorpholinomethyl) hydrazinecarboxamide 4 was synthesized by 

the reaction of 3 with thiomorpholine and formaldehyde in methanol.  

The spectroscopic analysis revealed the formation of 2, 3 and 4.  

The IR data showed the characteristic stretching frequencies for compound 2.  In 
1H NMR, signals at chemical shift value 4.5, 2.9 and 2.7 ppm confirms the 

presence of thiomorpholinomethyl group. The 13C NMR supported the structure of 

2.  

Similarly, the formation of 3 was confirmed by spectroscopic analysis. In IR, the 

presence of stretching frequencies at 3470 and 3302 cm-1 is due to the asymmetric 

and symmetric stretching of NH2 group respectively; band at 3238 cm-1 is for NH 

stretching, besides other characteristic frequencies. The disappearance of band at 

1732 cm-1 confirms the formation of Schiff base 3. The 1H NMR supported the 

structure of 3 as predicted in scheme 2, δ 7.6-6.9 ppm correspond to aromatic 

hydrogen, δ 5.1 ppm corresponds to NH, δ 3.5, 3.3 and 2.7 ppm correspond to 

thiomorpholinomethyl group and δ 1.6 corresponds to NH2.  

Finally, the structure of the product 4 was elucidated by IR, 1H NMR and 13C 

NMR techniques. The disappearance of two band pattern in IR with stretching 

frequencies at 3470 and 3302 cm-1 for NH2 group indicates the formation of 

Mannich base 4 from 3. The predicted structure showed in scheme 3 was 

confirmed by 1H NMR. The 13C NMR supported the structure of 4. 

Conclusion 

A simple route was developed to synthesize thiomorpholinomethyl derivatives of 

isatin and it’s hydrazinecarboxamides, functionalized heterocyclic compounds. 
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The structure of the synthesized compounds was elucidated by IR, 1H NMR and 
13C NMR techniques. It was found that the spectral data are in accordance with the 

structures of the novel compounds. 

Supplementary Information 

The supplementary information to this article is available and can be found 

following the references of this article as the following order.  

IR (cm-1) 
1H NMR (ppm) 
13C NMR (ppm)  
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Abstract

The geochemistry of Dupi Tila sandstones from Sitapahar anticline, Kaptai, Ranga-
mati, Bangladesh reveals several factors that have operated in the geological past.  
The study of major and trace elemental compositions are examined by XRF analysis 
to determine the integrated information that was imprinted in the sediments due to 
variations of several geological factors such as provenance, weathering, sorting, 
tectonic setting and climate in the Plio-Pleistocene period. Geochemical character-
istics of the sediments show quite large variations in their elemental composition. 
(e.g. SiO2 ranges from 58.02 to 75.59 wt. %, Al2O3 11.01 to 21.17 wt. %) indicating 
the diacritic provenance. Geochemically sandstones are classified as litharenites to 
arkosic in nature with an increasing percentage of quartz. Chemical Index of Alter-
ation (CIA*) and Weathering (CIW*) values of investigated sediments vary from 
65.04 to 79.52  and 79 to 94 indicating, respectively, a low level of maturity and a 
significant non-steady state chemical weathering in the rising Himalayan source. 
The geochemical characteristics indicate a passive margin to an active continental 
margin setting for the Dupi Tila sandstone. Discrimination function diagrams for 
provenance signatures of the studied sediments using major element exhibits felsic 
to quartzose sedimentary provenance, which is comparable to sedimentary rocks in 
Bangladesh and Siwalik, India. The bulk geochemical characteristics and discrimi-
nation diagrams show that the sediment of the

study area might have been derived from both passive margin setting experiencing 
semi-arid to semi-humid paleoclimatic conditions during the time of deposition.

*Corresponding author. 
E-mail address: dhimans14@yahoo.com
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1. Introduction

Geochemistry is described as the science that deals with the chemistry of the earth’s 
composition and processes that controls the distribution of  chemical elements 
(Schufle, 1967). Considering the Himalayan orogenic belt’s history and structure, 
particularly the Bengal Basin, the world’s deepest sedimentary basin, makes it eas-
ier to understand the tectonic development of the Indian subcontinent (Curray & 
Moore, 1971). The Bengal Basin has contributed much to our understanding of the 
history of tectonic uplift and erosion of the Himalayas and also paleo-weathering 
(Hossain et al., 2014). The Plio-Pliestocene Dupi Tila Sandstone Formation of Si-
tapahar anticline exhibits a large variation in their major element as well as trace el-
ement geochemistry. The chemical composition of detrital sediments is largely con-
trolled by provenance (Roser & Korsch, 1986, 1988; Hayashi et al., 1997; Paikaray 
et al., 2008; Keskin, 2011; Roy & Roser, 2012; Roy & Roser, 2013; Hossain, 2020; 
and Kettanah et al., 2021) source area weathering (Nesbitt & Young, 1982; Amajor, 
1987; Cox et al., 1995;  Asiedu et al., 2000; Potter et al., 2005; LaMaskin et al., 
2008; Parthasarathy et al., 2020; and Boruah & Laskar, 2022), maturity of sediment 
with climatic condition (Cox et al., 1995; Fedo et al., 1995; Armstrong-Altrin et al., 
2021; and El-Sayed et al., 2022), climate (Suttner & Dutta, 1986), sorting (Dokuz & 
Tanyolu, 2006; and Roy & Roser, 2012), and tectonic setting of the source area and 
depositional basin (Bhatia, 1983; and Roser & Korsch, 1986). Various geochemical 
investigations on Himalayan detrital sediments  have been developed and revealed 
some significant details about this region’s history of depositional processes (Dalai 
et al., 2004; Sinha et al., 2007; Najman et al., 2008; Hossain et al., 2010; and Roy 
& Roser, 2012). Although these clastic sediments carried on a great significance, a 
comprehensive study of the Plio-Pliestocene Dupi Tila sediments from the Sitapahar 
anticline, Kaptai, Bangladesh is still inadequate. The geochemistry of sedimentary 
rock exhibits mainly the nature of source rock, tectonic setting and the redistribu-
tion of elements throughout deposition and since their provenance (Bhatia, 1983; 
and Roser & Korsch, 1986). Several  detailed studies about different formation of 
Sitapahar anticline have been conducted but, few has been conducted to study the 
provenance of the Dupi Tila sediments of Sitapahar anticline based on detailed ge-
ochemical analysis. For these reasons present study deals with both major and trace 
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elements geochemistry of the Dupi Tila sandstone of Sitapahar anticline to delineate 
sediment types, weathering, climate and provenance of sediments as well as tectonic 
settings. 

2. Geological setting

Bangladesh is wholly covered by sedimentary rocks with varying thickness accord-
ing to the depth of the depositional basin, which is also known as the Bengal Basin. 
The Bengal Basin is an example of a basin that is distinguished by being asymmetri-
cal and having a significant rise in sediment thickness toward the southeast (Curray 
& Moore, 1971). Tectonically the study area belongs to eastern gentle sub-zone of 
the folded flank of the Bengal Basin (Khan, 1991) and the structure is also locat-
ed in the western region of the Bengal Basin’s folded flank of Chittagong and the 
Chittagong Hill Tracts. The Chittagong Hill Tracts are considered to be the west-
ernmost extension of the folded Arakan-Yoma belt, and the regional strike extends 
from NNW to SSE.  The axis of the anticline is trending about N15°W-S15°E with 
a plunge of 8°. The amount of dip of the strata in both flanks varies from 4°-62° to-
wards northeast and southwest respectively, occasionally, which rises to about 84°. 
In the study area, no fault has been found.  Dips and strikes of the Sitapahar anticline 
indicate the asymmetric nature of the fold that extends along NNW-SSE direction 
and it can be subdivided into two parts as eastern flank and western flank. The west-
ern flank has steep slope and faulting, whereas the eastern flank is characterized by 
gentle slope. In the eastern flank the average amount of dip is about 30° to NE di-
rection. The study area is characterized by an unconformity, which is found between 
Girujan Clay Formation and Dupi Tila Formation. Geographically, the investigated 
area of the Sitapahar anticline is situated in the Rangamati district of Bangladesh. It 
is about 70 km (N-S) long and 12 km (E-W) wide and covers about 550 sq. km of 
Rangamati district.

The study area is limited by 22°29’ N to 22°31’ N latitude and 92°10’ E to 92°14’ E 
longitude respectively (Fig 1). The study area is well communicated to Chittagong 
and Rangamati by road and by waterways.
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Fig 1. Study area map of Kaptai and Kaptai-Chandraghona road cut section.

3. Sampling and method

Eighteen samples has been collected from different stations of the Chondragho-
na-Kaptai road cut section in the Dupi Tila Sandstones Formation, Sitapahar anti-
cline. The collected

samples were kept in polyethene bags, and the wet samples were dried over the pe-
riod of two to three days mostly using sunshine.18 samples were collected in total, 
however only 10 of them were examined using an X-Ray Fluorescence spectrometer 
(XRF) (Fig 2).

Each sample was crushed into a fine powder in a planetary ball mill for 20 minutes 
under well-mixing conditions (PM-200, Retsch, Germany). The finely powdered 
sediments were dried in an oven. The dry powder samples were homogenized for 
two minutes with a binder (stearic acid: sample at a ratio of 1:10). The mixture 
was then poured into an aluminum cap (30 mm). Using a manual hydraulic press 
with a pressure of 10-15 ton/sq. inch for two minutes, the cap was compressed be-
tween two tungsten carbide pellets, and then the pressure was gradually released. 
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The X-ray analysis of the pellet may then begin. The elements were identified using 
the X-ray fluorescence spectrometer (XRF) method at the Institute of Mining, Min-
eralogy and Metallurgy, Joypurhat, by using the Rigaku ZSX Primus XRF machine 
equipped with an end window of 4 kW Rh-anode X-ray tube, in accordance with the 
procedures of (Goto and Tatsumi, 1994). 

From geochemical data (Table 2), different plots and diagrams are constructed by 
using major oxides.

Table 1. Generalized stratigraphic succession of the Bangal Foredeep (the Basinal 
area and the Chittagong Tripura Folded Belt), (Modified after Muminullah, 1978)
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Such as SiO2 vs Log (K2O/Na2O), Al2O3/(CaO+Na2O) vs Fe2O3+MgO, wt% of K2O 
vs wt% Na2O, Al2O3 vs TiO2, log (SiO2/Al2O3) vs log (Na2O+K2O), Fe2O3+MgO 
vs TiO2, Fe2O3+MgO vs Al2O3/SiO2, Fe2O3+MgO vs K2O/Na2O, log (SiO2/Al2O3 
vs log (Fe2O3+K2O), Al2O3 vs TiO2 plots are drawn. Plots are also done by using 
discrimination factors F1, F2 and

CIA* = 100 × [Al2O3/ (Al2O3+CaO*+Na2O+K2O], 

CIW* = 100× [Al2O3/ (Al2O3+CaO*+Na2O)] and

 ICV   =    [(Fe2O3*+K2O+Na2O+CaO+MgO+MnO+TiO2)/Al2O3].

Total iron is Fe2O3*, while CaO* solely indicates the quantity found in silicates. In 
this study, the CaO is adjusted using a new approach developed McLennan et al., 
1993. According to this methodology, CaO values are only accepted if CaO<Na2O, 
and when CaO>Na2O, it is assumed that the concentration of CaO is the same as 
that of Na2O. P2O5 was used to adjust the CaO concentration for apatite (CaO*=-
CaO-(10/3*P2O5)).These plots may be used to determine the paleoclimate of the 
source re gion and recreate the relationship between provenance and tectonic set-
ting of the depositional basin.

Fig 2. Concise lithosuccession with paleocurrent, lithological description and sample location.
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4. Results

The major and trace element composition of 10 representative sandstone samples 
were selected for analysis and all the compositional values of sediment from Dupi 
Tila Formation, Sitapahar Anticline (Eastern Flank), Kaptai, Rangamati Hill Dis-
trict, Bangladesh are reported in Table 2.

Major Oxides and Trace Element Geochemistry 

The bulk geochemical compositions of the sediment relatively exhibit large varia-
tions, especially SiO2 from 58.02 wt.% (LDMS1) to 75.59 wt.% (LDMS5) (average  
̴ 66.38 wt.%) and Al2O3 from 11.01 wt.% (LDMS8) to 21.17 wt.% (LDMS1)  (av-
erage  ̴15.51 wt.%)  (Table 2).

Table 2. Major element (wt.%) and trace element (ppm) abundances and CIA*, 
CIW*, ICV, F1, F2 value of the investigated Dupi Tila sediment samples, Kaptai, 
Rangmati. 
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Abbreviations: CIA*- Chemical Index of Alteration (wt %); CIW*- Chemical Index 
of Weathering (wt.%); ICV- Index of Compositional Variability (wt.%); UCC- Up-
per Continental Crust; PAAS- Post-Archean Australian Shale(Taylor & McLennan, 
1985); (Condie, 1993).

The variation of SiO2 exhibits a continuous increasing trend with increasing depth. 
The Amount of SiO2 in the studied sample shows the same or nearly higher than the 
mean value of Upper Continental Crust (UCC) (Taylor & McLennan, 1985; McLen-
nan, 2001; and Rudnick et al., 2003).

Al2O3 is the second most abundant element in the analyzed samples. Harker vari-
ation diagrams show clear separate trends in major oxides in Dupi Tila Formation. 
The characteristics of themajor oxide (e.g. MgO, Al2O3, K2O, TiO2, Fe2O3, TiO2 
and MnO) shows a strong linear negative trend with SiO2 and only CaO, Na2O 
show positive linear trend with SiO2 (Fig 4a).

MgO, K2O, TiO2, MnO, Fe2O3, and P2O5 reveal positive/increasing correlations 
with Al2O3 (Fig 4b), whereas CaO exhibits a negative correlation with Al2O3 (Fig 
4b) suggesting major influences of hydraulic fractionation (Roy & Roser, 2012). In 
the compositional variation of major oxides, it is remarkable that the value of K2O 
is higher than CaO/ K2O that of which is comparatively high with a greater value 
(2.76 wt. % to 4.68 wt. %), indicating the presence of alkali feldspar with some 
carbonate minerals. The average K2O (3.66 wt. %) contents are similar to the UCC 
and to that of the Post Archaean Australian Shales (PAAS) (Taylor & McLennan, 
1985) (Table 2). The lower content of Na2O sediments is depleted to the UCC and 
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is mostly similar to PAAS. In that time the average content of K2O is about 3.66% 
and the highest and the lowest values of K2O are 4.68% (UDMS17) and 2.76% 
(LDMS5) respectively, those values are relatively higher than UCC and slightly 
depleted to PAAS (Taylor and McLennan, 1985; and Condie, 1993). The low degree 
of maturation of the sediments is indicated by the ratio Na2O/K2O (0.22 to 0.58) 
of sediments which is comparatively low (Pettijohn et al., 1972; Roser and Korsch, 
1986; Fedo et al., 1995; Paikaray et al., 2008; and Hossain et al., 2014). The studied 
sediments also have a higher amount of TiO2 (avg. 0.79 wt. %) values compared to 
UCC (Taylor and McLennan, 1985; and Condie, 1993), which shows that the source 
rocks had more felsic to intermediate igneous material. The average P2O5 level in 
the samples is 0.17 wt. %, which explains why there are less accessory phases such 
apatite and monazite than in UCC (Condie, 1993).The SiO2/Al2O3 ratios display a 
higher value (2.74 to 6.82 wt. %), which is indicative of the excess quartz and feld-
spar content (Potter, 1978; and I. Hossain et al., 2014).

Fig 3. Geochemical classification of Dupi Tila Formation, Sitapahar anticline, Kaptai, 
according to the richness of quartz (After Crook, 1974).
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Fifteen trace elements have been found in ten studied samples which are F, S, Cl, 
Cr, Co, Ni, Cu, Zn, Ga As, Rb, Sr, Y, Zr, and Ba. Among all the trace element, es-
pecially the transition element (Cr and Ni) shows higher concentration, varies from 
(499 to 4287) ppm and (69 to 166) ppm respectively than the mean values of UCC 
(Condie, 1993) and PAAS (Taylor and McLennan, 1985) the examined sediments 
had a lower level of Co (0 to 37) ppm. ppm (Table 2).The trace element contains an 
average amount of the large ion lithophile elements (LILE) and high field strength 
elements (HFSE) viz.  Rb (avg. 163.13), Sr (avg. 176.8), Zr (avg. 209.80), and Ba 
(avg.590.28) ppm, reflect higher concentrations than average upper crustal compo-
sition and lower than PAAS (Taylor and McLennan, 1985). With Al2O3 a few trace 
elements (e.g. Ba, Rb, Ni) indicate both linear and scattered positive trends (Fig 
4c), especially Rb (r = + 0.94) verifying clear hydrodynamic fractionation (Roy and 
Roser, 2012).

The studied Dupi Tila sediments reveal similar and higher concentrations in most 
of the major and trace elements in comparison to the UCC (Taylor and McLennan, 
1985) (Table 2). The abundance of SiO2 and Cr suggests that chemical weathering 
resulted in the hydrodynamic removal of more soluble elements from the clastic 
fractions than insoluble elements (Nagarajan et al., 2015). These relative depletions 
or enrichments of various compositional elements are widely acceptable for weath-
ering conditions  and provenance characteristics (Etemad-Saeed et al., 2011; and 
Hossain et al., 2014).s

5. Discussions

The geochemistry of Dupi Tila sediments from Sitapahar anticline, Kaptai, Ranga-
mati, Bangladesh reveals several factors that have operated in the geological past.
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Fig 4a. Harker variation diagram of major oxides with SiO2 for investigated sandstones 
from the Bengal Basin.

Barishal University Journal of Science and Engineering, Vol. 8: 19-45 (2023)                                      Geochemical Characteristics...



30

Fig 5. Geochemical classification diagram of investigated Dupi Tila Sediments, log (Na2O/
K2O) vs. log (SiO2/Al2O3) (after Pettijohn et al., 1972).
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Fig 6. (Fe2O3*+MgO) −Na2O−K2O classification diagram for the sediments from Sitapahar 
anticline, Kaptai, Bangladesh (Blatt et al., 1980).

(Nesbitt and Young, 1982) and also calculating by the chemical index of weathering 
(CIW*). 

In this equation CaO* represents the amount of CaO, that incorporates in the silicate 
phases. Nesbitt and Young (1982) proposed a CIA value ranges from 50 to 60 indi-
cates an incipient weathering, 60 to 80 an intermediate weathering and CIA>80 ex-
treme weathering whereas low values (i.e. 50 or less) indicate unweather source ar-
eas. The calculated CIA* values vary from 65.04 to 79.52 with an average of 71.46. 
This high value of CIA* indicates moderate to intensive weathering conditions in 
the source area of the Dupi Tila sediments and this value is higher than that of the 
CIA value (57) of UCC. The CIW* values of the studied samples vary from 79 to 
94 with an average value of 85.89, which indicates moderate to strong weathering 
(recycling) for these samples. These results are also supported by the index of com-
positional variability (ICV). The maturity of the sediments can be evaluated by the 
index of compositional variability (ICV) (Cox et al., 1995). Higher values indicate 
plagioclase, K-feldspar, amphiboles, and pyroxenes, whereas values of ICV <0.84 
indicate minerals like kaolinite, illite, and muscovite. The average value of the index 
of compositional variability (ICV), which ranges from 0.95 to 1.31, is 1.11 (Nesbitt 
and Young, 1982; Fedo et al., 1995; and Cox et al., 1995).
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The high concentration of iron oxide (Fe2O3) is indicative of oxidation of the Dupi 
Tila Formation, Kaptai. The low content of Na2O (av. 1.26 wt.%) of studied samples 
also indicates intensive to moderate weathering of the source rock.

A plot of CIA vs ICV (Cox et al., 1995; Potter et al., 2005; and LaMaskin et al., 
2008) can be used to determine how the nature of the source rock and the degree of 
weathering relate to one another. From that plot (Fig 7) it can be seen that most of 
the studied samples indicate moderate chemical weathering in the source area and 
minor sedimentary recycling for the studied samples. Their intermediate type source 
as granite (Jacobson et al., 2002) emphasized the rise in chemical weathering, which 
may indicate a decline in tectonic activity or a change in the climate toward warmer, 
more humid conditions.  The climatic conditions that occurred in the source area 
were established using the relation between SiO2 and (Al2O3+K2O+Na2O) (Sut-
tner and Dutta, 1986). In this plot, it is revealed that all the samples lie inside of 
semi-arid to semi-humid condition with SiO2 (Fig 8). 

The TiO2 vs Al2O3 plot shows that most of the samples of Dupi Tila Formation 
directly evolved or came as a by-product of granitic and basaltic source rock weath-
ering (Amajor, 1987)  (Fig 9).

Fig 7. CIA vs ICV plot for Dupi Tila sandstone of Sitapahar anticline (after Cox et. al., 1995; 
Potter et. al., 2005; and LaMaskin et. al, 2008).
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Following Nesbitt and Young (1982) in the Al2O3-(CaO*+Na2O)-K2O (A-CN-K) 
molecular proportion diagram (Fig 10), the analyzed samples spell away from the 
plagioclase-alkali feldspar tie line and very close to clay mineral and mica group 
line, indicating extensive weathering conditions also. The moderate concentration 
of SiO2 (58.02 to 75.59 wt. %) in terms of showing quartz dominance in sediments, 
and the ratios of K2O/Na2O are > 1, showing quartz abundance in the sediments.  
The variation in medium Al2O3 content (11.69 wt. % to 21.16 wt. %) indicates clay 
minerals input rather than feldspar that are less frequently present in the samples. In 
such cases, most of the weathering indicates intensive weathering. Additionally, the 
degree of source-rock weathering is also determined by the Rb/Sr ratio of sediments 
(McLennan et al., 1993). The average Rb/Sr ratio of the investigated sediments is 
0.92, which is much higher than the average for the upper continental crust (0.32) 
and PASS (0.80; McLennan et al., 1993). These important results show that source 
area weathering was likely more severe than poor weathering (Asiedu et al., 2000). 

Interbedded shales from the Dupi Tila Formation show a higher CIA value ( ̴ 65-78) that is compa-
rable with the interbedded shale’s CIA values of Surma Group ( ̴ 70-78) (Rahman & Faupl, 2003).

Fig 8. Bivariate plot of SiO2 vs (Al2O3+K2O+Na2O) to determine the chemical maturity and 
paleoclimatic conditions of the Dupi Tila Formation (after Suttner and Dutta, 1986).
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All the results, CIW, CIA*, ICV values, the concentration of iron that preserved in 
the ferric state, and SiO2 vs (Al2O3+K2O+Na2O) suggest that the sediments in the 
source area were derived by an extensive weathering process and there prevailed 
semi-arid to semi-humid climatic condition.

5.3 Sorting of the studied sediment

The degree of sorting is determined by the source to sink distance, the energy of the 
transport system, a number of other factors, and the geochemical variation produced 
by sorting among sand, silt, and clay connected to the separation of these grains by 
hydraulic fractionation (DoKuz and Tanyolu, 2006; and Roy and Roser, 2012). Hark-
er variation diagrams are so useful to evaluate sorting effects and their degrees of such 
sediments. The major oxides versus Al2O3 plots (Fig 4b) suggesting poor linear trend 
except K2O (r =+.91), TiO2 (r = +.95), MnO (r = +.89) exhibiting positive trends that 
explain how mineral sorting increased fractionation. The ICV value of studied Dupi 
Tila varies from 0.95 to 1.19 with an average of 1.12, indicating that they are not 
compositionally mature (Cullers, 2000); with decreasing  ratio of SiO2/Al2O3 in the 
range of (25.74 to 6.82) and as the grain size increases, the sediment’s maturity and 
recycling rate both decline. The strong relationships between the CIA and other

Fig 9. TiO2 vs Al2O3 diagram adopted from (Amajor, 1987) showing the source rock of Dupi 
Tila sandstone of Sitapahar anticline, Kaptai.
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Fig 10: Al2O3-(CaO*+Na2O)-K2O (A-CN-K) diagram for the investigated sediments of the 
Dupi Tila Formation (after Nesbitt and Young, 1982).

components, such as CIA–Al2O3 (r=+0.84) (Fig 4c) show that the CIA values were 
significantly influenced by grain size and sorting. Because of the increase in weather-
ing, the CIA values and strong correlations between CIA and Al2O3 indicate low to 
moderate recycling.

5.4 Provenance

Sedimentary provenance and sandstone compositions are very intimately related. Ge-
ochemical data and its various accesses are particularly helpful for defining the origin 
of the source rock (Keskin, 2011; Armstrong-Altrin et al., 2004; Taylor and McLen-
nan, 1985; Cox et al., 1995; and Condie et al., 1992). Major elements interpret the be-
haviors of the source rock and finally serve definite characteristics of the sedimentary 
history (Dickinson, 1985; 1988). To analyze the provenance of Dupi Tila sandstone 
based on major element analysis, several plots are established. SiO2 versus log K2O/
Na2O plot is drawn after (Roser & Korsch, 1988). Typically quartz-rich and low in 
feldspar, sediments from stable continental regions are plotted on the Passive Margin 
(PM) field (Roser & Korsch, 1986). 
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Fig 11. Tectonic discrimination diagram of SiO2 vs. log (K2O/Na2O) proposed by Roser and Korsch 
(1986) for the investigated Dupi Tila sandstones sediment.

Consequently, increased sedimentary sorting by hydrodynamic transportation leads 
clay-rich sediments to be dispersed back into the Active Continental Margin (ACM) 
region. The samples are likely considered to be the Passive Margin settings. In this 
diagram, samples are plotted in the passive continental margin zone (Fig 11). It indi-
cates that the sediment of the study area might have been derived from both passive 
continental marginal zone through unidirectional riverine flow from uplands in the 
Shillong plateau and Himalayas in the north. The provenance was also established 
by using various major oxide ratios, such as SiO2/Al2O3 (2.74-6.82) and K2O/Na2O 
(1.17-4.51) ratios indicating a large concentration than those ratios of UCC (Taylor 
and McLennan, 1985; and Condie, 1993) suggesting that studied Dupi Tila sediments 
have come greatly from crustal granitic sources. But the concentrations of MgO (avg. 
1.73 wt. %) and CaO (avg. 2.03 wt. %) are not negligible. It may have little contribu-
tion to indicate the basaltic source of the sediments. The Al2O3/TiO2 ratio (avg. 19.73 
wt.%) is indicated to be come from felsic to intermediate source rocks(Keskin, 2011 
and Hayashi et al., 1997).

Discrimination Diagram

Different categories have been proposed to distinguish between different tectonic set-
tings (Bhatia, 1983; Bhatia and Crook, 1986; Roser and Korsch, 1986). 
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The Dupi Tila sediments’ provenance signatures show quartzose sedimentary prov-
enance using major elements discrimination function diagrams, which are related to 
Tertiary sedimentary rock formations in Bangladesh (Hossain  et al., 2010; and Roy 
and Roser, 2012) and Siwalik, India (Ranjan & Banerjee, 2009) (Fig 12).  The stud-
ied Dupi Tila sediments exhibit a close relation with Tertiary sedimentary rocks and 
are very closely related to the Siwalik deposits. It can be concluded that sediments 
were derived from Siwalik type sediments, which are mafic in origin and quartzose 
type rocks which are basically recycled quartz rich sedimentary rocks. Discrimina-
tion function diagrams are basically obtained by given Equation 1. This equation is 
illustrated by using major elements’ values. In discrimination function fields for dom-
inantly mafic, intermediate and felsic igneous provenance are shown with the field for 
a quartzose sedimentary provenance. 

The discrimination functions for provenance signature for sandstone suits is given by

F1 = = (-1.773×TiO2) + (0.607×Al2O3) + (0.760×Fe2O3t) + (-1.500×MgO) + (0.616 
× CaO) + (0.509 × Na2O) + (-1.224 × K2O) - 9.090	 and

F2 = = (0.4455 × TiO2) + (0.070 × Al2O3) + (-0.2501 × Fe2O3t+ (- 1.142 × MgO) + 
(0.438 × CaO) + (1.4753 × Na2O) + (1.426 × K2O) - 6.861………………Equation 1

 

Fig 12. Discriminant plot F1 and F2 (Roser and Korsch, 1988), contain fields for 
Siwalik, India (Ranjan and Banerjee, 2009), Tertiary sedimentary rocks Dupi Tila 
(Hossain et al., 2010), Hatia trough (Roy and Roser, 2012), UCC and PAAS (Taylor 
and McLennan, 1985). Average basalt, andesite, dacite, rhyodacite, and rhyolite are 
represented by BA, AN, DA, RD, and RH, asplotted by Roser and Korsch (1988)
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Fig 13. TiO2 vs Zr plot for the samples in the diagram of Hayashiet al. (1997)

Zircon concentration is used to determine the type and composition of the source rock 
(Hayashi et al., 1997; and Paikaray et al., 2008). Felsic source rocks are indicated by 
the sediments’ low TiO2/Zr ratios (13 to 38)  (Keskin, 2011) (Fig 13).  The TiO2/Zr 
ratios are a very helpful indicator for distinguishing between the felsic, intermediate, 
and mafic source rock types (Hayashi et al., 1997). Some trace element ratios are 
also important to explain the provenance of sediments. So the ratio of Cr/Ni (3.99 
to 45.85) is very significant to illustrate the provenance from mafic to felsic sources 
which is supported by the ratio of Y/Ni (0 to 1.62) that is identical to the value of 
sediment from felsic sources. 

5.5. Tectonics of the Depositional Basin

A lot of limitations prevail to identify tectonic settings, when the actual sources have 
been totally removed or eroded, derived sediments only contain records of sources 
(Bhatia and Crook, 1986). 
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Fig 14. Discrimination diagrams of SiO2/Al2O3 versus K2O/Na2O (after Maynard et al., 1982) for 
determination of tectonic settings of the investigated Dupi Tila sediments.

The tectonic setting of the depositional basin of the Dupi Tila Formation is formulated 
on the basis of major and trace-elements and their various bivariate and multivariate 
plots with discrimination functions. The plot of (K2O/Na2O) vs. SiO2 (Fig 11) gen-
erates an analysis of the examined sediments’ tectonic settings (Roser and Korsch, 
1986) reveals a passive margin (PM) tectonic setting with an active continental mar-
gin (ACM). Tectonic discrimination diagram highly supports that the deposition of 
Dupi Tila Formation occurred in a basin along passive continental margin to active 
continental margin setting (Roser and Korsch, 1986) (Fig 11). The plots proposed by 
Maynard et al., (1982) are employed for the determination of tectonic settings. 

It represents that all the samples of the investigated Dupi Tila sediments plotted with-
in the passive margin field to active continental margin setting (Fig 14).

Conclusions

Clastic sediments provide important details on the composition, tectonic setting, and 
evolution of the depositional basin. The major element geochemistry of sediments 
from the Dupi Tila Formation, Sitapahar anticline, and Kaptai region exhibits most-
ly broad variability. Geochemically the Dupi Tila Formation represents a significant 
correlation with UCC, having all major oxides only Na2O and CaO are diminished 
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to UCC. Trace elements of this Formation, are also in conflict with the average upper 
continental crust (UCC), where Cr, Co, Ni, Rb, Y, Zr, Ba are increased and Sr is de-
pleted. Geochemically the sediments are classified mainly litharenite  to arkosic. The 
ratio of SiO2/Al2O3 (2.7 to 6.82 wt.%), CIA* values (65.04 to 79.52 wt.%), CIW* 
values (83 to 94 wt.%) and ICV values (0.95 to 1.31 wt.%) show low degree of matu-
rity and exhibiting extensive chemical weathering in source areas, which is supported 
by textural immaturity.  Geochemistry of the whole rock body indicates to a mostly 
felsic to intermediate igneous provenance. i.e. granitic origin, whereas TiO2 vs Al2O3 
diagram suggests basaltic and granitic source. These types of source rocks may be 
found over a large region of the Himalayan belt, the Shillong massif, and Ganges 
catchment basins.  From discrimination diagram, Dupi Tila sediments provide a close 
relation with Tertiary sedimentary rocks and very closely related to the Siwalik de-
posits. From the major and trace element analysis, it is denoted that these sandstones 
were deposited in passive to active continental margin setting experiencing semi-arid 
to humid paleoclimatic conditions during the time of deposition. The value of K2O/
Na2O ratio for sandstone being greater than unity also supports the similar tectonic 
setting. The moderate value of SiO2/Al2O3, K2O/Na2O, low value of Na2O and high 
concentration of iron that preserved in the ferric state suggest relatively intensive to 
moderate weathering (recycling) history of Dupi Tila Formation, Sitapahar anticline 
(eastern flank) Kaptai, Rangamati district, Bengal Basin. 
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Abstract

In the analysis of big data for making inferences about a finite population, it is crucial 
to address the mean selection bias inherent in the big data sample (BDS). This paper 
introduces a re-sampling technique, commonly known as repetitive sampling tech-
nique, to mitigate the selection bias associated with the BDS. The approach involves 
utilizing two independent samples from separate sources and incorporating supporting 
information from external sources. Our results demonstrate that this method achieves 
a coverage rate of nearly 95% for population parameters, while also reducing the 
standard error (SE) in both linear and non-linear scenarios across four different cases. 
These outcomes surpass the performance of the existing methods, namely Naive and 
Bootstrap. Additionally, the research includes limited simulation studies, which re-
veal that the Jackknife re-sampling technique exhibits less bias and provides a higher 
coverage rate (94%, 93%, 94% and 95% for n=600 and 95%, 96%, 95% and 96% for 
n=1200 respectively) for the four scenarios compared to other established methods (In 
Naive 20%, 19%, 16% and 27% for n=600 and 26%, 32%, 24% and 39% for n=1200; 
in Bootstrapping 44%, 49%, 59% and 57% for n=600 and 46%, 57%, 65% and 66% 
for n=1200 respectively). It is also noted that a direct relationship exists between the 
increase in sample size and the subsequent increase in coverage rate. Furthermore, the 
practical application of this re-sampling method is straightforward.
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Introduction

Re-sampling means combining similar data from different independent birthplaces 
and providing operators with a combined simple view of them. It can be compared as 
a story of “The Blind Men and the Elephant”, by American poet John Godfrey Saxe 
(1816-1887), init, six blind men meet an elephant for the first time and each man inde-
pendentlyguesseswhatkind of animalit is. After the assessment of these blind men, if 
the information had to be combined then it would mean something giant and inform-
ative. Our target of using re-sampling technique is alike and making inference about 
population parameter based on combining information extracted as several sample 
means. For this reason, we consider two known source but unknown size of big data, 
and mix them in four schemes as stated in the simulation study section below. This 
process is very useful in a variety of circumstances, which includes commercial as 
well as scientific domains (for example merging two similar companies or combining 
two research outcome). The more data we collect (big data) and the more we need to 
share existing data increase, re-sampling becomes increasingly important. Formerly, 
it has become the focus of wide theoretical work scope, and numerous open problems 
are existing unsolved. Under these circumstances, combining disparate data sources, 
often referred to as information silos, in a single query interface has been a problem 
for some time. In the early 1970s, computer scientists and researchers began designing 
systems for interoperability of heterogeneous databases. The first re-sampling method 
driven by organized metadata was developed in 1991 at the University of Minnesota 
for the Integrated Public Use Microdata Series (IPUMS). 

In this regard, IPUMS uses a data warehousing approach that extracts data from het-
erogeneous sources, transforms it, and loads it into its own view schema to make data 
from different sources compatible and understandable. We made it simple and easy 
to analyze. By making millions of population databases interoperable, IPUMS es-
tablished the feasibility of large-scale re-sampling technology. In general, data ware-
housing methods suggest a tightly coupled plan. This is because the data is already 
physically stored in one understandable repository, so it usually takes very little time 
to analyze and draw conclusions.

Data warehousing techniques are not very practical for frequently updated datasets. 
This is because the Extract, Transform, Load (ETL) process has to be constantly rerun 
to stay in sync. As a result, building a data warehouse is also difficult when you have 

Barishal University Journal of Science and Engineering, Vol. 8: 47-64 (2023)                                                                          Ali et al.



49

Barishal University Journal of Science and Engineering, Vol. 8: 47-64 (2023)                                                       Big Data Analysis...

only a query interface to aggregate independent data sources and no access to the 
full data. This problem typically occurs when integrating multiple commercial query 
functions, such as travel or advertising web applications. 

The comprehensive definition of big data includes the three Vs: volume, variety, and 
velocity, which dispels the misconception that big data solely revolves around data 
volume which is stated in the paper of Russom, P. (2011). In the paper of Watson, H. 
J. (2014) the author argued that a multitude of organizations are now acquiring, retain-
ing, and examining data that possesses significant volume, speed, and diversity. This 
data originates from various novel sources such as social media, machines, log files, 
video, text, image, RFID, and GPS. The utilization of these sources has placed im-
mense pressure on conventional relational database management systems, resulting in 
the emergence of numerous innovative technologies, methodologies, and platforms. 
The potential benefits of big data analytics are substantial and have been substantiated 
by an increasing number of research studies like Manyika, J., Chui, M., Brown, B., 
Bughin, J., Dobbs, R., Roxburgh, C., & Hung Byers, A. (2011), Chen, Y., Chen, H., 
Gorkhali, A., Lu, Y., Ma, Y., & Li, L. (2016),Vassakis, K., Petrakis, E., & Kopanakis, 
I. (2018) and Hariri, R. H., Fredericks, E. M., & Bowers, K. M. (2019).

Materials and Methods

We use two independent data sources using linear and non-linear model to create the 
dataset. However, we need heterogeneous data to use the Bootstrap and Jackknife 
technique otherwise we just use Naive method which is nothing but the simple ran-
dom sampling with replacement.

Naive method: Naive estimator is one kind of  Non-parametric Density Estimation 
(Kernel analysis) which is formerly used in every field of research. Since the standard 
histogram is not the best way to estimate a probability density function. This meth-
od works after cataloging a set of records in ascending order and centering the bin 
for each selected sample of the sorted distribution. In such situations, the estimated 
probability densities between adjacent bins differ dramatically due to variations in the 
number of events. 

The counting process may be represented mathematically by a weighted sum as fol-
lows: State a weight function w(x) by
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This method is applied by choosing a point      and then counting all 

observations that lie in the interval h of this location, then divide by the total 

number of observation      to achieve the likelihood, and finally divide by the bin 

size 2h to get the probability density. 

Bootstrap method: In statistics, bootstrapping is any metric or test that uses a 

simple random sampling clause with surrogates and falls into the upper class of 

resampling methods. Accuracy measures (bias, variance, standard error, 

confidence interval, prediction error, etc.) are given by the bootstrap method. 

Bootstrapping provides a measure of the accuracy (bias, variance, confidence 

interval, prediction error, etc.) of sample estimates for a big data sample. This 

technique allows the sampling distribution of almost any statistic to be estimated 

using probabilistic sampling techniques. In bootstrap sampling,   new samples, 

each with the same sample size as the observed data, are drawn with replacement 

from the observed data. Statistics are first estimated using the observed data and 

then re-estimated using each new sample to produce a bootstrap distribution. The 

resulting iterations are used to compute bootstrap estimates of the biases and 

standard errors of the statistics. Suppose a probability sample   is drawn from a 

population   by an arbitrary sampling design without replacement. The population 

parameter   is estimated by  ̂and we seek and an estimate of    ̂ . How bootstrap 

can perform following is a brief description of the technique: 
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i) Construct an artificial population   using sample data, and assumed to 

imitate the real, but anonymous, population  . 

ii) Draw a sequence of bootstrap sample from  using same design as   was 
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iv) The bias of   is given by, bias   ̂   
   ̂and the corresponding bootstrap 

estimator is given by  ̂   ̂   bias 

Jackknife method: Like bootstrap technique, the Jackknife technique also 

originated outside the field of survey sampling. The Jackknife procedure begins by 

removing one item at a time and the desired statistic is then computed from 

remaining observations and its standard error.  

Suppose we have a sample              and an estimator  ̂      .We desire 

to approximate bias and SE of ̂. The     Jackknife sample consists by deleting     

observation i.e. ),...,,,,( )1()1(21)( niii yyyyyy  for ni ...,3,2,1  
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Basic Setup 

Let us suppose that a finite population         , where    is the     observation 

of the study variable  , and              is the corresponding index set with 

known size  . Also            which is a BDS is available with    . 

Specifically,      if     and      otherwise, and imagine also that    is 

observed only when     . We are interested in approximating the population 

mean  ̅N =   ∑   
 
   .  

From the BDS  , we can estimate  ̅N by  ̅B =   
  ∑  ixi

 
   , where    ∑    

     

is the known size of  . Given          , the error of  ̅B can be written as  
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          where      
  and           

 ∑       ̅      
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with   ̅   
 ∑      and thus we have      ̅   ̅      

  
               …    

(2.1.1) 

where      represents the expectation of a random mechanism for indicator  i . 



53

Barishal University Journal of Science and Engineering, Vol. 8: 47-64 (2023)                                                       Big Data Analysis...

 
 

 

 

If the stochastic mechanism of indicator  i is based on Bernoulli sampling, which 

contains indicators independently obeying the Bernoulli distribution with 

probability of success   , we can obtain 
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that is regular with the classical theory for Bernoulli sampling with sample size 
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The above mentioned equality (2.1.2) is also articulated in the renowned paper of 

Meng (2018). Although there are three terms in (2.1.2) determining the selection 

bias of  ̅ , the first term }),({ 2XCorrE  , is the most critical one. The author 

Meng (2018) specifies the term as Data Defect Index (DDI), which adjusts the 
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level of departure from SRS. Under simple random sampling or in any equal 

probability sampling designs such that          , we have                 

and DDI is of order O(1/N), which suggests       ̅   ̅         
  

 . On the 

contrary,                  will be applicable for other sampling designs, and 

subsequently the DDI becomes substantial with order O(1), which indicates 

      ̅   ̅         
  

   . Consequently, the analysis outcomes substance 

to selection bias has been accumulated by using non-probability sampling strategy. 
Re-sampling Technique 

Survey re-sampling is an important research topic, which seeks to merge data from 

two surveys targeting the same population. Kim et al. (2016) proposed a fractional 

imputation approach for survey data integration, utilising the instrumental variable 

assumption from Kim (2011). Park et al. (2017) also explored combining 

information from two surveys by using a measurement error model for big data 

problems. Survey re-sampling is a technique used to combine large datasets with 

survey data. We focus on two types of independent data sources: survey   and big 

data   which is substance to selection bias. 

Suppose that item is available from survey data while      is available from the 

big data, and )1(o
N
n

B

 , where   is the sample size of  . We are interested in 

estimating the population mean ̅ by combining two data sources. In this stage, the 

sample mean  ̅  from the big data is prejudiced because of that selection bias. In 

this circumstance, an artificial data allegation could be recycled to make attributed 

values of    in the sample, if both samples were probability samples. 

Simulation Study 
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In this section, we apply a simulation study to compare the naïve estimator with 

Jackknife estimator and Bootstrap estimator. We consider the following two 

outcome regression models for generating the finite population. 

I. Linear model. That is, 

                                          …          

(2.3.1) 

   where                                                and 

              all are pair-wise independent. 

II. Non-linear model. That is, 

      (        )                             …    

(2.3.2) 

     Where                 are the same characteristics as mentioned above in 

the linear model. 

           is the sampling indicator for the given BDS and independently 

distributed for            , then we state the resulting two big data propensity 

models as: 

I. For linear logit model. We get, 

                                         …        

(2.3.3) 

II. For non-linear logit model. We get, 

                  (      )                  …         (2.3.4) 

This is empirically can be stated that the average sampling rates are nearly 60% in 

equation (2.3.1) and (2.3.2) for the BDS. Finally, to generate the finite population 

and subsequent BDS, we consider the four scenarios below: 
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Figure 1. BDS generated by linear model Figure 2. BDS generated by non-linear model 

I. Knowledge extracted from (2.3.1), and sampling indicator of BDS 
produced in (2.3.3), we generate the finite population. In this first scenario, 
both the outcome regression (OR) model and big data propensity (BDP) 
model are linear logit model.  

II. Knowledge extracted from (2.3.1), and sampling indicator of BDS 
produced in (2.3.4), we generate the finite population. In this second 
scenario, the OR model is linear and BDP model is non-linear logit model.  

III. Knowledge extracted from (2.3.2), and sampling indicator of BDS 
produced in (2.3.3), we generate the finite population. In this third 
scenario, the OR model is non-linear and BDP model is linear logit model.  

IV. Knowledge extracted from (2.3.2), and sampling indicator of BDS 
produced in (2.3.4), we generate the finite population. In this fourth 
scenario, both the OR model and BDP model are non-linear.  

In this circumstances, we are interested to estimate  ̅  which is the population 
mean. In this regard, we considered two sample size of       and       , 
and to get these representative samples we used simple random sampling (SRS) in 
 . After then, we compared the methods for estimating population mean along 
with its 95% CI.  
The graphical representation of the datasets 

 

 

 

 

 

 

 
Figure 1. BDS generated by linear model Figure 2. BDS generated by non-linear model
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The aforementioned graphical representation of BDS surely indicates the 

simulated datasets. For checking the linearity normal q-q (quantile-quantile) plots 

have been shown for both cases. From Fig. 1, it is obvious that the dataset follows 

linearity assumption as we mentioned above and from Fig. 2, the dataset follows 

non-linear trend in nature. However, Kolmogorov Smirnov (K-S) one sample test 

has also been performed and found similar results. 

Results and Discussion 

Based on a sample extracted by using SRS, we’ve calculated the population mean 

 ̅ , bias (B), standard error (SE), and coverage rate (CR) based on one thousand 

Monte Carlo simulation studies for the both given sample size of       and 

      .  

The results for four scenarios are given below: 
Table 1. B, SE and CR of different methods 

 ̅  Method Bias   SE 

n=600 

   CR Bias     SE 

n=1200 

    CR 

 Naive 0.21 1.68 0.

20 

0.23 1.76 0.2

6 

    I Bootstrap 0.23  1.61 0.

44 

0.29 1.72 0.4

6 

 Jackknife 0.13 1.44 0.

94 

0.1 1.34 0.9

5 

        

 Naive -0.20 1.69 0. -0.22 1.73 0.3
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19 2 

    II Bootstrap -0.20 1.77 0.

49 

-0.22 1.89 0.5

7 

 Jackknife -0.15 1.49 0.

93 

-0.11 1.22 0.9

6 

        

 Naive 0.29 1.58 0.

16 

0.29 1.73 0.2

4 

   III Bootstrap 0.19 1.54 0.

59 

0.16 1.59 0.6

5 

 Jackknife 0.21 1.49 0.

94 

0.19 1.43 0.9

5 

        

 Naive 0.11 1.63 0.

27 

0.13 1.71 0.3

9 

   IV Bootstrap 0.17 1.66 0.

57 

0.13 1.69 0.6

6 

 Jackknife 0.13 1.53 0.

95 

0.13 1.41 0.9

6 

 

Based on the Monte Carlo simulation analysis presented in Table 1, it can be 

inferred that each of the estimators exhibit bias across all methods. The Naive 

method, in particular, displays a greater degree of bias compared to the Bootstrap 

and Jackknife methods. This suggests that the Naive method tends to consistently 

underestimate or overestimate the true value of the parameter being estimated. 
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Furthermore, the Naive method demonstrates lower confidence interval (CI) 

coverage rates (CR) than the Bootstrap and Jackknife methods across all scenarios. 

This means that the Naive method is less likely to capture the true value of the 

parameter within its calculated confidence interval. On the other hand, the 

Bootstrap and Jackknife methods exhibit higher CR values, indicating that they 

provide more accurate and reliable confidence intervals. 

However, when considering CR alone, the Jackknife method emerges as the 

superior method. This implies that the Jackknife method consistently produces 

confidence intervals that have a higher likelihood of containing the true value of 

the parameter. Therefore, if the primary concern is obtaining accurate and reliable 

confidence intervals, the Jackknife method would be the preferred choice. 

Conversely, the Naive method is deemed the least effective in terms of CR. This 

means that the confidence intervals generated by the Naive method are less likely 

to include the true value of the parameter. Therefore, if obtaining precise and 

accurate confidence intervals is a priority, the Naive method should be avoided. 

In summary, the Monte Carlo simulation analysis reveals that all estimators exhibit 

bias, with the Naive method displaying a greater degree of bias compared to the 

Bootstrap and Jackknife methods. Additionally, the Naive method demonstrates 

lower CR values than the Bootstrap and Jackknife methods across all scenarios. 

However, when considering CR alone, the Jackknife method emerges as the 

superior method while the Naive method is deemed the least effective. 

For more clarification results from all scenarios for all three methods are presented 

in graphs in the following section: 
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Conclusion

From the Monte Carlo simulation study and aforementioned table along with its fig-

ures we can conclude that all the estimators are biased in every methods and the 

amount of bias in case of Naive method is comparatively more than the Bootstrap and 

Jackknife methods. We use contaminated data which has outlier or noise and its com-

binations in four scenario and found that the CR of Naive method is also less than the 

Bootstrap and Jackknife methods in all scenarios. But in terms of the CR Jackknife is 

the best method and Naive is the worst method.

Limitations and strength

The biggest limitation of this research was to use simulated dataset. There was no way 

to collect such big dataset freely from any sources. Another limitation is that, a very 

few research work has been done in this regards which leads to review few works 

of it. The strength of this work can be stated as a novel concept of using resampling 

methods again and also additional research can be done to extend this work which 

will be helpful for the researcher to reduce selection bias in analyzing BDS in a finite 

population inference.
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Abstract 

Due to pandemic related restrictions and global economic recession young generation were 

passing through a challenging time with extreme psychological stress. Suicide attempts and 

psychological disorders were the consequences of COVID-19 pandemic. In this write up, 

we focused to analyse the level of psychological stress among young adults in Bangladesh 

due to COVID-19 pandemic. The analysis was done using primary data using purposive 

sampling through online survey from 15 October to 25 October, 2022. An online cross-

sectional study has been conducted among young adult of Bangladesh aged 18-30 using 

“Google form.” The participants completed the questionnaire examining socio-

demographic factors along with psychological stress component through online platforms. 

A total of 1035 respondents have been examined in the study using multiple linear 

regression model (MLRM). The fitted MLRM reveals that if all other independent variables 

remain zero then a young adult had at least 16.93 (p-value<0.001) score stress (out of 20.88). 

Urban young adults are 0.27 (p-value=0.42) score more stressed than rural young adults. 

Southern Bengal, central Bengal and eastern Bengal young adults are respectively 0.16 (p-

value=0.69) score, 0.17 (p-value=0.69) score and 0.85 (p-value=0.85) score less stressed 

than northern Bengal. Female are 1.31 (p-value<0.001) score less stressed than male. Young 

adults those are below higher secondary are 0.94 (p-value=0.02) score more stressed than 

higher secondary and above. Apart from these, the effect of income and family members 

are found to be insignificant in the model in our investigation. This study revealed that the 
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young adults belong to urban area, nuclear family, unmarried, lower income family has 

more score to be stressed compared to the young adults belong to rural area, joint family 

status, married and higher family income status.  

Keywords: Psychological stress, Pandemic, COVID-19 and Young adults. 

1. Introduction 
An epidemic, originating from Wuhan, China, prompted by the novel coronavirus 

strain SARS-CoV-2, has enforced threats on both mental and physical health since 

December 2019 on young adults. This novel virus has spread worldwide which had 

previously not been detected in humans or animals. Due to the rapid worldwide 

exposure of COVID-19 and the challenges it brought with, World Health 

Organization (WHO) had to declare it as a pandemic in early March 2020. The most 

common COVID-19 symptoms are fever, fatigue, dry cough, dyspnoea, myalgia etc. 

which may progress within 2-14 days of infection through close contact and 

respiratory droplets (Naser et al., 2020; Wang et al., 2020).  

Bangladesh confirmed its first three case of COVID-19 on 8 March, 2020 (The Daily 

Star 2020a). For preventing the spread of COVID-19, the Bangladesh govt. had to 

introduce many measures, including lockdown, social distancing, home quarantine 

etc. The govt. also declared a nationwide lockdown from 26 March to 30 May 2020 

extending it seven times (The Daily Star 2020a, 2020b). In addition, various types 

of pandemic related restrictions have been placed on public activities and movement 

across the country until 31 August, 2020.  Nontherapeutic interventions as well as 

vaccines has been provided to control the spread of the virus which are the most 

active measures to control the disease, billions of people stopped their working at 

the working place and are staying at home to minimize the transmission of the 

disease. In these circumstances, the general population is gradually experiencing 
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various types of psychological distress such as anxiety, tension, fear, panic, 

depression and frustration just because of continuing spread of this virus and 

pandemic related restrictions.  

There is ample evidence worldwide that during this COVID-19 pandemic many 

people developed psychiatric symptoms such as anxiety, tension, anxiety, panic 

attacks, sleep disturbances, depression, frustration and even self-harm. (Xiong et al., 

2020; Shammi et al. al., 2020; Islam et al., 2020a). A study conducted on the general 

population in China reported that 16.5% of participants suffered from depression, 

28.8% from anxiety, and 8.1% from stress during the early stages of the COVID-19 

outbreak. (Wang et al., 2020). A similar study conducted among people in 

Bangladesh during the early stages of the pandemic showed that 37.3% of 

participants suffered from generalized anxiety disorder (Islam et al., 2020a). 

Additionally, a survey conducted among home-isolated Bangladeshi students 

showed that 46.92% suffered from depression, 33.28% from anxiety, and 28.5% 

from stress (Khan et al. 2020). 

Evidence suggests that the psychological problems that can arise after a catastrophe 

like the COVID-19 pandemic can change over time. Some scientific studies suggest 

an increase in mental health problems in the first months or years after a disaster 

(Goldmann and Galea, 2014; McFarlane and Williams, 2012). It suggests that 

mental health problems decrease after such events (Morganstein and Ursano, 2020; 

Gerstner et al., 2020).  

The study used an online survey to gather data from 1035 young adults in 

Bangladesh using purposive sampling aged from 18 to 30, ensuring a diverse 

representation. Socio-demographic factors were included in the questionnaire to 

understand the variables influencing psychological stress during the pandemic. A 

Barishal University Journal of Science and Engineering, Vol. 8: 65-82 (2023)                              Analyzing Level of Psychological...



68

 
 

 
 

multiple linear regression model was used for data analysis, including both 

quantitative and categorical variables. These methodological choices enhance the 

study's credibility and robustness. 

In this write-up, we briefly articulate the psychological stress score among young 

adults due to COVID-19 Pandemic in Bangladesh and we will provide some 

recommendations on how the country can combat this situation. 

 

2. Materials and Methods 
2.1 Participants and procedure 

An online cross-sectional survey was carried out among young adults of Bangladesh 

who use Facebook, WhatsApp and Emails and age group 18-30 are the target 

population for this research work. Data has been collected from 15 October to 25 

October, 2022 using “Google Form.” Proper data frame for this study is not 

available that’s why non-probability Purposive sampling was used to collect the 

data, with informed contacts from all members. The participants were shortly 

briefed in the first step and accordingly. They were also told that their given 

information would be confidential. No incentives were given to the participants in 

this research, and could withdraw their opinion any time without strict evidence. 

The survey took place between October 15 and October 25, 2022, to research group 

member’s personal contacts through online platforms. Ethical approval was 

renounced by Institution of Biological Science, University of Rajshahi, Rajshahi-

6205, Bangladesh following its equivalent ethical principles. Finally, a size of 1035 

young adults were considered as a sample of this study. 
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2.2 Measures 

In this present study, a semi-structured questionnaire having informed consent, 

query regarding post COVID-19 pandemic and its associated factors were used to 

collect data. Socio-demographics were also included in the questionnaire. 

Psychological stress is measured with total scoring method which is explained in 

section 2.3. 

2.3 Socio-demographics and Scoring Method 

Socio-demographic factors included residence, geographical location, sex, 

qualification of education, profession, marital status and family type. This study also 

includes three important quantitative variables respondents’ age, monthly family 

income and number of family member.  

In this section the psychological stress has been measured using a dependent 

variable named total stress score (SS). Respective SS which we’re focusing on, 

psychological stress scores for each respondent were calculated from their responses 

based on 10 related questions. We have used ten Likert scale questions to get the 

value of total stress score. Firstly, we take summation of each response of the young 

adults using the score in ascending order for 4-point Likert-type scale as strongly 

agreed=1, agreed=2, disagreed=3 and strongly disagreed=4. This SS generally 

indicates that the less the value of SS, the more the young adults are stressed.  

2.4 Statistical Analysis 

After calculating the respective psychological stress scores (SS) for each 

respondent, a normality test of SS using Kolmogorov-Smirnov statistic has been 
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found to be normally distributed. Since the response variable has been measured in 

quantity a multiple linear regression model has been used to explore the stress 

among young adults using explanatory variables, (like residence, location, sex, 

profession etc.) instead of finding correlation and association directly. Lastly, the 

interpretation of regression analysis has been shown in regards of taking reference 

categories.  

 

3. Results and Discussion 
3.1 Socio-demographic characteristics of the participants 

The characteristics of the respondents are summarized in Table 1. It concludes that 

58% young adults are from rural area and 42% young adult are from urban area. It 

has also observed that 61% young adults are from northern Bengal, 18.1% 

respondent are from southern Bengal, 17.60% young adult are from central Bengal 

and 2.9% respondent are from eastern Bengal. In addition, the male-female 

percentage of sex indicates that 72.9% young adults are male and 27.1% young adult 

are female. If we look at the qualification of education of the respondents then we 

can see that 76% young adult are from higher secondary and above group and 24% 

young adults are from below higher secondary group. As expected, most of the 

participants (92%) are student and 8% young adult are Non-student category. 

 

Similarly, marital status of the respondents conclude that 92% young adults are 

unmarried where 8% young adult are from others i.e. married, widow and divorced. 

It has been also found that 73.9% young adult are from nuclear family and 26.1% 

young adults are from joint family. 
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Table 1. Characteristics of the study subjects (N=1035) 

Characteristics Frequency (N) Percentage (%) 

Residence   

   Urban 433 41.8 

   Rural 602 58.2 

Location   

   Southern Bengal 187 18.1 

   Central Bengal 182 17.6 

   Eastern Bengal 30 2.9 

   Northern Bengal 636 61.4 

Sex   

   Male 755 72.9 

   Female 280 27.1 

Qualification of Education   

       Below Higher Secondary 246 23.8 

       Higher Secondary and Adobe 789 76.2 

Profession   

   Non-student 85 8.2 

   Student 950 91.8 

Marital Status   

   Others 79 7.6 

   Unmarried 956 92.4 

Family Type   

   Joint Family 270 26.1 

   Nuclear Family 765 73.9 

3.2 Frequency Distribution of the responses according to psychological stress 
The distribution of respondent’s psychological stress are summarized in Table 2. It 

concludes that 20.3% young adults strongly agreed, 58.9% are agreed, 17.2% are 
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disagreed and 3.6% are strongly disagreed with the statement that during this 

coronavirus pandemic, they feel depressed and restless. It is also noted that 29.7% 

young adults strongly agreed, 57.2% are agreed, 11.6% are disagreed and 1.5% are 

strongly disagreed with the statement that if the pandemic continues, their condition 

will be worsen day by day. If we look at the statement, whether their life during 

pandemic seems to be very difficult and meaningless or not, then it will be observed 

that 21.5% young adult are strongly agreed, 53.3% are agreed, 21.4% are disagreed 

and 3.8% are strongly disagreed. Again, if we notice then we will find that 34.8% 

young adults are strongly agreed, 55.1% are agreed, 8.6% are disagreed and 1.5% 

are strongly disagreed with the statement that trapping in the same place for a long 

time due to the pandemic, the rhythm of work has slowed down and there is no 

proper interest in any work. Regarding confidence level, 18% are strongly agreed, 

42.8% are agreed, 33.8% are disagreed and 5.8% are strongly disagreed with the 

statement that during the pandemic, confidence in everything have decreased and 

they feel very unconfident. The most perilous issue is that many of them don’t smile 

even if there happens anything ridiculous in front of them. In this circumstance, 

nearly 8.8% young adults are strongly agreed, 33.1% are agreed, 48.5% are 

disagreed and 9.6% are strongly disagreed with the statement that it is not decent to 

them to laugh even if there is an incident of laughter in the pandemic. 

In the similar way, 20.6% young adults are strongly agreed, 37.9% are agreed, 

35.7% are disagreed and 5.8% are strongly disagreed with the statement that they 

sleep too much in this pandemic. Accordingly, 20.1% young adult are strongly 

agreed, 47% are agreed, 27.8% are disagreed and 5.1% are strongly disagreed with 

the statement that their attitude had become irritable during pandemic. When we 

look at their participation in social work then we can draw a noble attention. It 
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indicates that 20% young adults are strongly agreed, 59.2% are agreed, 17.6% are 

disagreed and nearly 3.2% are strongly disagreed with the statement that they can’t 

participate in social work like before. 
Table 2. Frequency Distribution of the respondents according to psychological stress (N=1035) 

 Depression Measure 

 Frequency (N) Percentage (%) 

During the coronavirus pandemic, I feel depressed and restless. 

Strongly Agreed 210 20.3 

Agreed 610 58.9 

Disagreed 178 17.2 

Strongly Disagreed 37 3.6 

If the pandemic continues like this, my condition will worsen day by day in the future. 

Strongly Agreed 307 29.7 

Agreed 592 57.2 

Disagreed 120 11.6 

Strongly Disagreed 16 1.5 

Life during the pandemic seems to be very difficult and meaningless now. 

Strongly Agreed 223 21.5 

Agreed 552 53.3 

Disagreed 221 21.4 

Strongly Disagreed 39 3.8 

Trapping in the same place for a long time due to the pandemic, the rhythm of work has slowed 

down and there is no proper interest in any work. 

Strongly Agreed 360 34.8 

Agreed 570 55.1 

Disagreed 89 8.6 

Strongly Disagreed 16 1.5 

During the pandemic my confidence in everything has decreased and I feel very unconfident. 

Strongly Agreed 186 18.0 

Agreed 443 42.8 

Disagreed 346 33.4 
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Strongly Disagreed 60 5.8 

It is not good to laugh even if there is an incident of laughter in the pandemic. 

Strongly Agreed 91 8.8 

Agreed 343 33.1 

Disagreed 502 48.5 

Strongly Disagreed 99 9.6 

I sleep a lot now. 

Strongly Agreed 213 20.6 

Agreed 392 37.9 

Disagreed 370 35.7 

Strongly Disagreed 60 5.8 

My attitude has become irritable. 

Strongly Agreed 208 20.1 

Agreed 486 47.0 

Disagreed 288 27.8 

Strongly Disagreed 53 5.1 

I can't participate in social work like before. 

Strongly Agreed 207 20.0 

Agreed 613 59.2 

Disagreed 182 17.6 

Strongly Disagreed 33 3.2 

I can't do education or professional work like before. 

Strongly Agreed 338 32.7 

Agreed 575 55.6 

Disagreed 102 9.9 

Strongly Disagreed 20 1.9 

And lastly, the most significant and noteworthy fact about their education and 

profession life experience which states that 32.7% young adults are strongly agreed, 

55.6% are agreed, 9.9% are disagreed and nearly 1.9% are strongly disagreed with 

the statement that they can’t perform education or professional work like before. 
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3.3 Psychological Stress Score (PSS) 
PSS for each respondent were calculated from 10 related statement. The total PSS 

has been measured summing Likert-type scale from 10 statement. However, before 

going to fit a multiple regression model using the dependent variable PSS on 

independent variables, PSS should follow normality assumption as required. 

Kolmogorov-Smirnov test has been performed to check the normality of PSS. For 

more clearance the Q-Q plot of PSS has also been shown in Fig. 1. 

 

Fig. 1. Normal Q-Q plot of PSS 

 

3.4 Multiple linear regression model 
The multiple linear regression model in terms of our perspective will be: 

𝑌𝑌𝑖𝑖 = 𝛽𝛽0 + 𝛽𝛽1𝑋𝑋1 + 𝛽𝛽2𝑋𝑋2 + 𝛽𝛽3𝑋𝑋3 + 𝛽𝛽4𝑋𝑋4 + 𝛽𝛽5𝑋𝑋5 + 𝛽𝛽6𝑋𝑋6 + 𝛽𝛽7𝑋𝑋7 + 𝛽𝛽8𝑋𝑋8 + 𝛽𝛽9𝑋𝑋9 + 𝛽𝛽10𝑋𝑋10 + 𝑒𝑒𝑖𝑖 

Parameter estimation and interpretation are given below: 
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Table 3. Parameter Estimation of multiple linear regression model 

Dependent Variable:   Stress Score 

Parameter Coefficients p-value 

Intercept 16.93 <0.001 

Residence (Urban) 0.27 0.424 

Residence (Rural)® 1 - 

Location (Southern Bengal) -0.16 0.699 

Location (Central Bengal) -0.17 0.689 

Location (Eastern Bengal) -0.85 0.367 

Location (Northern Bengal)® 1 - 

Sex (Female) -1.31 <0.001 

Sex (Male)® 1 - 

Qualification of Education (Below Higher Secondary) 0.94 0.015 

Qualification of Education (Higher Secondary and Above)® 1 - 

Profession (Non-student) 0.62 0.379 

Profession (Student)® 1 - 

Marital Status (Others) 0.28 0.684 

Marital Status (Married)® 1 - 

Family Type (Joint Family) -0.33 0.492 

Family Type (Nuclear Family)® 1 - 

Age 0.17 0.043 

Number of Family Member 0.01 0.928 

Monthly Family Income (in TK) 7.49E-6 0.261 

® indicates the reference category and Adjusted R-square=83% 
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where, 𝑌𝑌𝑖𝑖  = Total stress score, 𝑋𝑋1  = Residence, 𝑋𝑋2  = Location, 𝑋𝑋3  = Sex, 𝑋𝑋4  = 

Qualification of Education, 𝑋𝑋5 = Profession, 𝑋𝑋6 = Marital status, 𝑋𝑋7 = Family type, 

𝑋𝑋8 = Age, 𝑋𝑋9 = Number of family member, 𝑋𝑋10 = Monthly family income (in TK), 

𝛽𝛽0  = intercept term, 𝛽𝛽1 , …, 𝛽𝛽10  are the coefficients of independent variables 

respectively, and 𝑒𝑒𝑖𝑖  = random error term in the model. From the above multiple 

linear regression model result (Table 3) we can conclude that if all other variables 

remain zero then a young adult has 16.93 score. This intercept term is significant in 

the model (p-value<0.001).  

Urban young adults are 0.27 score more stressed than rural young adults. This 

coefficient is insignificant in the multiple linear regression model (p-value=0.424). 

Young adults from Southern Bengal are 0.16 score less stressed than young adults 

from northern Bengal with an insignificant effect (p-value=0.699). Young adults 

from central Bengal are 0.17 score less stressed than young adults from northern 

Bengal with an insignificant effect (p-value=0.689). Similarly, young adults from 

eastern Bengal are 0.85 score less stressed than young adults from northern Bengal 

with an insignificant effect in the model (p-value=0.367). 

Female are 1.31 score less stressed than male young adults. The coefficient in this 

regard is significant in the model (p-value<0.001). In the context of young adults, it 

is often observed that females are closely linked to their parents or husbands, which 

may lead to the perception that they do not require financial independence. 

However, in contrast, males are commonly found to be the primary earners within 

their families, highlighting the significant role they play in providing for their loved 

ones. Young adults from below higher secondary education are 0.94 score more 

stressed than the young adults who belongs to higher secondary and above group 
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with significant effect (p-value=0.015). Secondary students are often unaware of the 

lockdown restrictions and tend to resist them due to their lack of understanding and 

disregard for formalities. On the other hand, higher secondary and above students 

are more likely to handle the situation with less stress as they are more aware and 

knowledgeable about the pandemic. Those who are non-student young adults, they 

are 0.63 score more stressed than the young adults who are students with an 

insignificant effect (p-value=0.379).  

Regarding marital status, young adults from others (like married, divorced and 

widow) category are 0.28 score more stressed than unmarried young adults with 

insignificant effect (p-value=0.684). Similarly, the young adults who belong to joint 

family are 0.33 score less stressed than the young adults who belong to nuclear 

family with an insignificant effect (p-value=0.492).  

Apart from these, we have quantitative variables in the multiple linear regression 

model such as age (in Year), number of family member and monthly family income 

(in TK). We can conclude for the age variable that every one year increase in young 

adults, there will be 0.17 score increased in PSS and which is significant (p-

value=0.043). The result suggests a positive correlation between age and 

responsibility, indicating that as one gets older, their level of responsibility tends to 

rise.  Similarly, for number of family members, one unit increase in number of 

family member, there will be 0.01 score increased in output variable and which is 

insignificant (p-value=0.928). Last but not least, one unit increase in monthly family 

income (in TK), there will be <0.001 score increased in PSS which is also 

insignificant in the multiple linear regression model (p-value=0.26). 
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Conclusion 

Young adults are the noteworthy and valuable future of Bangladesh. Due to COVID-

19 Pandemic and pandemic related restrictions young adults have been forced to 

stay home which created psychological stress as well as physical illness. This study 

revealed that the young adults belong to urban area, nuclear family, unmarried, 

lower income family has more score to be stressed compared to the young adults 

belong to rural area, joint family status, married and higher family income status. 

There is a proverb that the higher the age is, the higher the psychological stress. 

Similarly, the non-student young adults are more stressed than students with an 

insignificant effect on the model. The below higher secondary educated young 

adults are more stressed compared to higher secondary and above group. Southern 

Bengal, central Bengal and eastern Bengal young adults are more stressed compared 

to northern Bengal young adults which indicates that urgently they are needed to be 

under proper meditation. 

 

Ethical approval 

The research protocol was reviewed and approved by the Research ethical 
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Limitations and Strength  

This present study has been conducted through online platforms which depends on 

opinion based measures. In this circumstance, it may have been vulnerable to certain 

possible prejudices, like memory recall and social desirability. Moreover, this study 

was an online cross-sectional type and unable to regulate causality among variables 

Barishal University Journal of Science and Engineering, Vol. 8: 65-82 (2023)                               Analyzing Level of Psychological...



80

 
 

 
 

beneath exploration. Despite these limitations, this study delivers novel knowledge 

regarding the psychological stress among young adult in Bangladesh due to COVID-

19 Pandemic. The findings of this study might be helpful for policy makers to 

develop and conduct fruitful plan for recovering the current situation and combat 

pandemic related issues. 
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Abstract 
This paper investigates the natural convection of two-dimensional incompressible, laminar, 

and steady flow in an inclined square cavity of uniformly and non-uniformly heated walls. 

The left vertical wall and the bottom wall of the cavity are heated uniformly and non-

uniformly, whereas the right vertical wall is cooled by means of a constant 

temperature. The top wall is well insulated. The governing equations are changed to 

dimensionless form using non-dimensional variables and solved using a finite element-

based computational tool named COMSOL Multiphysics. The parametric study of the 

Rayleigh number (𝑅𝑅𝑅𝑅), the Prandtl number (𝑃𝑃𝑃𝑃), the cavity length (𝐿𝐿), and the angle of 

inclination of the cavity (𝜑𝜑) is investigated. The heat transfer rates at the heated walls 

are calculated in terms of the average Nusselt number. The investigation shows that non-

uniform heating has a better heat transfer rate than uniform heating. When the cavity is 

inclined at a 60-degree angle, the heat transfer rate is high for the large value of the cavity 

length. The higher cavity length plays an important role in getting a higher-strength 

streamline. It is observed that the Rayleigh number has a greater impact on streamlines and 

isotherms compared to the Prandtl number. 

 

Keywords: Uniform and non-uniform heating, Inclined Square Cavity, Rayleigh 

Number, Prandtl Number, Average Nusselt Number, COMSOL Multiphysics 
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Introduction 

Convection is one of the modes of heat transfer which happens due to the movement 

of fluid mass. Convection could not occur without conduction and convection is 

possible only for liquid or gases. The study of natural convection and heat transfer 

in cavity is carried out in many industrial heating or cooling applications such as 

meteorology, geophysics, nuclear reactor systems, energy storage & conservation, 

fire control, and chemical, food & metallurgical industries, as well as in the more 

conventional fields of the fluid & thermal sciences (Roy and Basak, 2005). The 

research studies of (Patterson and Imberger, 1980), (Nicolette et al.,1985) (Hall et 

al.,1988), (Hyun and Lee,1989), (Fusegi et al.,1992), (Lage and Bejan,1991), (Lage 

and Bejan,1993)  and (Xia and Murthy,2002) claim that several attempts have been 

made to gather a fundamental knowledge of natural convection flows & heat 

transfers characteristics in a cavity. In most studies, one vertical wall of the cavity 

is kept cool & another one is kept hot while the remaining top & bottom walls are 

well insulated. According to (Roy and Basak, 2005) investigation, in case of uniform 

heating, the maximum heat transfer rate is found at the right edge of the bottom wall 

& almost uniform at the rest part of the bottom wall as well as the hot vertical wall, 

and, in case of non-uniform heating, the heat transfer rate is minimum at the edges 

of the heated walls & it reaches to its highest point at the center of both the heated 

walls. In the investigation of (M. Leporini et al, 2018) it is shown that two vortices 

formed when the tilted angle is zero degree. (Karatas and Derbentli, 2017) examined 

natural convection of air in rectangular cavities with one active vertical wall. They 

came to know that the isotherms are concentrated near the active wall. The 

maximum heat transfer rate is found at near the bottom of the hot wall and near the 

top of the cold wall in the research of (Vimol Kishore et al., 2018), (Oztop et al., 
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2012) claimed that for the enclosure with 𝑅𝑅𝑅𝑅 = 103, the increase of inclination 

angles increases Nusselt number while for the enclosure with 𝑅𝑅𝑅𝑅 = 103 and 105, 

the average Nusselt number decreases with the increase of inclination angle from 30 

degree to 60 degree and then it increases with the increase of inclination angle from 

60 degree to 90 degree. (Bouhalleb et al., 2015) have studied the natural convection 

in an inclined rectangular enclosure with sinusoidal temperature profile on one side 

wall. They discovered that maximum heat transfer occurs at 90-degree angle of 

inclination. E. (Natarajan et al., 2008) have examined that in case of uniform heating 

of the bottom wall, the heat transfer rate gradually decreases from the left of the 

bottom wall and increases to the right. In contrast, for the case of non-uniform 

heating at 𝑅𝑅𝑅𝑅 = 103, the heat transfer rate increases from the left of the bottom wall 

and for 𝑅𝑅𝑅𝑅 = 105 a sinusoidal type of heat transfer rate is obtained. In case of 

uniformly heated walls, the finite discontinuity in temperature distributions 

appears at the right edge of the bottom wall. The discontinuity can be avoided 

by choosing a non-uniform temperature distribution along the walls (i.e., non-

uniformly heated walls) as discussed by (Minkowycz et al., 1988) where an 

investigation is made for a mixed convection flow on a vertical plate, which is 

non-uniformly heated or cooled. (Sheikhzadeh et al., 2011) have showed that for 

uniform heating, the minimum average nussselt number occurred for top-top case 

of the active portions of the side walls but the maximum average nusselt number 

occurred for the middle-bottom case for 𝑅𝑅𝑅𝑅 = 105 and 𝑅𝑅𝑅𝑅 = 106. It is shown by 

(Zhan et al., 2019) that the heat transfer effect of bottom heating is relatively best. 

The aim of this paper is to analysis the effects of uniform & non-uniform heating 

walls, angle of the inclinations of the cavity, the cavity length, Prandtl number 
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and Rayleigh number on natural convection in an inclined square cavity. This 

analysis includes temperature distributions and velocity distributions within the 

cavity and heat transfer rate at the heated walls in terms of average Nusselt 

number using COMSOL Multiphysics software which is based on finite element 

method. In both case of uniform and non-uniform heating, all walls are in no slip 

conditions. The reference pressure is chosen to be zero. The cavity is inclined at 

30 degree and 60-degree angle with respect to 𝑥𝑥 axis. A parametric study of 

Rayleigh number (𝑅𝑅𝑅𝑅), 103 ≤ 𝑅𝑅𝑅𝑅 ≤ 106, Prandtl number (𝑃𝑃𝑃𝑃), 0.2 ≤ 𝑃𝑃𝑃𝑃 ≤ 10, 
the cavity length (𝐿𝐿), 0.25 ≤ 𝐿𝐿 ≤ 0.50 and the angle of inclinations of the cavity 

(𝜑𝜑), 0 ≤ 𝜑𝜑 ≤ 60 is performed. The results are presented by describing 

streamlines, isotherm contours and heat transfer rate in terms of average Nusselt 

number. 

Governing Equations 

In our study, the thermo-physical properties of the fluid are considered to be 

constant. The Boussinesq approximation is applied for the fluid properties to 

relate density changes to temperature changes, and to couple in this way the 

temperature field to the flow field as (Roy and Basak, 2005) have considered for 

their investigation. The governing equations for steady natural convection flow 

using conservation of mass, momentum and energy can be written as: 
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 +

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 = 0                                                                                                                                (1)                          

𝑢𝑢 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 + 𝑣𝑣 𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕 = − 1
𝜌𝜌
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 + 𝜈𝜈 (𝜕𝜕

2𝑢𝑢
𝜕𝜕𝑥𝑥2 +

𝜕𝜕2𝑢𝑢
𝜕𝜕𝑦𝑦2)                                                                                    (2) 

𝑢𝑢 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 + 𝑣𝑣 𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕 = − 1
𝜌𝜌
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 + 𝜈𝜈 (𝜕𝜕

2𝑣𝑣
𝜕𝜕𝑥𝑥2 +

𝜕𝜕2𝑣𝑣
𝜕𝜕𝑦𝑦2) + 𝑔𝑔𝑔𝑔(𝑇𝑇 − 𝑇𝑇𝑐𝑐)                                                          (3)                

𝑢𝑢 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 + 𝑣𝑣 𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕 = 𝛼𝛼 (𝜕𝜕
2𝑇𝑇

𝜕𝜕𝑥𝑥2 +
𝜕𝜕2𝑇𝑇
𝜕𝜕𝑦𝑦2)                                                                                             (4) 
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with boundary conditions 

 𝑢𝑢(𝑥𝑥, 0) = 𝑢𝑢(𝑥𝑥, 𝐿𝐿) = 𝑢𝑢(0, 𝑦𝑦) = 𝑢𝑢(𝐿𝐿, 𝑦𝑦) = 0 
 𝑣𝑣(𝑥𝑥, 0) = 𝑣𝑣(𝑥𝑥, 𝐿𝐿) = 𝑣𝑣(0, 𝑦𝑦) = 𝑣𝑣(𝐿𝐿, 𝑦𝑦) = 0 

 𝑇𝑇(𝑥𝑥, 0) = 𝑇𝑇ℎ, or  𝑇𝑇(𝑥𝑥, 0) = (𝑇𝑇ℎ − 𝑇𝑇𝑐𝑐)𝑠𝑠𝑠𝑠𝑠𝑠 (𝜋𝜋𝜋𝜋
𝐿𝐿 ) + 𝑇𝑇𝑐𝑐 ,    𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕 (𝑥𝑥, 𝐿𝐿) = 0                                   (5)                                                                 

 𝑇𝑇(0, 𝑦𝑦) = 𝑇𝑇ℎ, or  𝑇𝑇(0, 𝑦𝑦) = (𝑇𝑇ℎ − 𝑇𝑇𝑐𝑐)𝑠𝑠𝑠𝑠𝑠𝑠 (𝜋𝜋𝜋𝜋
𝐿𝐿 ) + 𝑇𝑇𝑐𝑐,      𝑇𝑇(𝐿𝐿, 𝑦𝑦) = 𝑇𝑇𝑐𝑐 

Using the following change of variables, 𝑋𝑋 = 𝑥𝑥
𝐿𝐿 ,     𝑌𝑌 = 𝑦𝑦

𝐿𝐿 ,    𝑈𝑈 = 𝑢𝑢𝑢𝑢
𝛼𝛼 ,   𝑃𝑃 = 𝑝𝑝𝐿𝐿2

𝜌𝜌𝛼𝛼2 and 

𝜃𝜃 = 𝑇𝑇−𝑇𝑇𝑐𝑐
𝑇𝑇ℎ−𝑇𝑇𝑐𝑐

  

where 𝑥𝑥 and 𝑦𝑦 are the distances measured along the horizontal and vertical 

directions, respectively; 𝑢𝑢 and 𝑣𝑣 are the velocity components in the 𝑥𝑥- and 𝑦𝑦-

directions, respectively; 𝑇𝑇 denotes the temperature; 𝜈𝜈 and 𝛼𝛼(= 1) are kinematic 

viscosity and thermal diffusivity, respectively; 𝑝𝑝 is the pressure and 𝜌𝜌is the 

density; 𝑇𝑇ℎ and 𝑇𝑇𝑐𝑐 are the temperatures at hot and cold walls, respectively; 𝐿𝐿 is 

the side of the square cavity. 

The governing equations are reduced to the following non-dimensional form: 

 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 + 𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕 = 0                                                                                                                 (6) 

𝑈𝑈 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 + 𝑉𝑉 𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕 = − 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 + 𝑃𝑃𝑃𝑃 (𝜕𝜕2𝑈𝑈

𝜕𝜕𝑋𝑋2 + 𝜕𝜕2𝑈𝑈
𝜕𝜕𝑌𝑌2)                                                                                        (7)                                                                                                                                                                                                                                          

𝑈𝑈 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 + 𝑉𝑉 𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕 = − 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 + 𝑃𝑃𝑃𝑃 (𝜕𝜕2𝑉𝑉

𝜕𝜕𝑋𝑋2 + 𝜕𝜕2𝑉𝑉
𝜕𝜕𝑌𝑌2) + 𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅                                 (8)                   

𝑈𝑈 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 + 𝑉𝑉 𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕 = (𝜕𝜕2𝜃𝜃
𝜕𝜕𝑋𝑋2 + 𝜕𝜕2𝜃𝜃

𝜕𝜕𝑌𝑌2)                                                                                                 (9) 

where,  𝑔𝑔𝑔𝑔(𝑇𝑇ℎ−𝑇𝑇𝑐𝑐)𝐿𝐿3

𝜈𝜈𝜈𝜈 = 𝑅𝑅𝑅𝑅 ,  𝜈𝜈
𝛼𝛼 = 𝑃𝑃𝑃𝑃  and 𝛼𝛼 = 𝛽𝛽 = 𝑘𝑘 = 1 

with the boundary conditions 

𝑈𝑈(𝑋𝑋, 0) = 𝑈𝑈(𝑋𝑋, 𝐿𝐿) = 𝑈𝑈(0, 𝑌𝑌) = 𝑈𝑈(𝐿𝐿, 𝑌𝑌) = 0 
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𝑉𝑉(𝑋𝑋, 0) = 𝑉𝑉(𝑋𝑋, 𝐿𝐿) = 𝑉𝑉(0, 𝑌𝑌) = 𝑉𝑉(𝐿𝐿, 𝑌𝑌) = 0 

𝜃𝜃(𝑋𝑋, 0) = 1, or 𝜃𝜃(𝑋𝑋, 0) = sin (𝜋𝜋𝜋𝜋𝐿𝐿 ), 
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 (𝑋𝑋, 𝐿𝐿) = 0 

𝜃𝜃(0, 𝑌𝑌) = 1, or 𝜃𝜃(0, 𝑌𝑌) = sin (𝜋𝜋𝜋𝜋𝐿𝐿 ), 𝜃𝜃(𝐿𝐿, 𝑌𝑌) = 0                                  (10)  

Here 𝑋𝑋 and 𝑌𝑌 are dimensionless coordinates varying along horizontal and vertical 

directions respectively, 𝑈𝑈 and 𝑉𝑉 are dimensionless velocity components in the 𝑋𝑋 and 

𝑌𝑌 directions respectively, 𝜃𝜃 is the dimensionless temperature, 𝑃𝑃 is the dimensionless 

pressure, 𝑅𝑅𝑅𝑅 and 𝑃𝑃𝑃𝑃 are Rayleigh number and Prandtl number respectively. Now 

comparing equation (2) and (7) we get, 𝜌𝜌 = 1 and 𝑃𝑃𝑃𝑃 = 𝜇𝜇. Comparing (4) and (9) 

we get, 𝛼𝛼 = 1. Comparing boundary conditions (5) and (10) we get, 𝑇𝑇ℎ = 1, 𝑇𝑇𝑐𝑐 = 0. 

The heat transfer rate in terms of average Nusselt number is defined by, 𝑁𝑁𝑢𝑢 = −𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 

, where 𝑛𝑛 denoted the normal direction on a plane.  

 
           Fig 1: Schematic diagram of the cavity 
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Model Validation 

The test case is the natural convection and the heat transfer in a differentially heated 

square cavity filled with air. Table 1 shows the average Nusselt number of the hot 

side wall for different Rayleigh numbers obtained by the present simulation. As it 

can be observed from this table, a very good agreements exist between the Nusselt 

numbers obtained by the present simulation and the results of other investigators for 

105 ≤ 𝑅𝑅𝑅𝑅 ≤ 106. 

 

Table 1: Comparisons of average Nusselt Number with the same results of other 

investigators  

Rayleigh 

Number 

Present 

work 

 

(Barakos and 
Mitsoulis,1994) 

(Markatos and 
Pericleous,1984) 

(Davis, 1983) 

105 4.518 4.510 4.430 4.519 

106 8.806 8.806 8.754 8.799 

 

Mesh Generation 

To investigate the effects of natural convection on 2D incompressible, laminar and 

steady flows in an inclined square cavity of uniformly and non-uniformly heated 

walls, governing equations are discretized using the finite element method and 

graphical representation are found by COMSOL Multiphysics software. The free 

triangular element of extremely fine size is chosen for mesh generation. The Figure 

2 shows the mesh generation of the current study. The number of elements of the 

mesh is 33154 whereas the number of degrees of freedom is approximately 67412. 
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The maximum element size is 0.0025, the minimum element size is 5×10-6 and 

maximum element growth rate is 1.1. 

 

 
Fig 2: Mesh Generation 

 

Results & Discussion 

A study of natural convection on 2D incompressible, laminar and steady flow in an 

inclined square cavity of uniformly and non-uniformly heated walls is investigated 

for Rayleigh numbers, Prandtl numbers, angles of inclination and length of the 

cavity.  

Effects of Cavity Length on Streamlines and Isotherms 

The figure (3) shows the streamlines (on the left) and the isotherm contours (on the 

right) inside the cavity for 𝑅𝑅𝑅𝑅 = 106, 𝑃𝑃𝑃𝑃 = 10, 𝐿𝐿 = 0.25, 0.50 and 𝜑𝜑 = 30 in case 

of both uniform & non-uniform heating. A clockwise rotation is developed inside 

the cavity. The strength of the velocity is highly noticed near the cold wall. 

Increasing the length of the cavity from 0.25 to 0.50, the velocity magnitude rises 

significantly in both case of uniform and non-uniform heating but the size of vortex 
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at the middle of the cavity increases if the uniform heating turns into non-uniform 

heating. Also, the velocity magnitude of uniform heating is always greater than that 

of non-uniform heating. The streamlines are almost similar in both case of uniform 

and non-uniform heating except the creations of stagnant fluid attached to the lower 

corner of the left vertical heated wall under along for the values of 𝑅𝑅𝑅𝑅 = 106, 𝑃𝑃𝑃𝑃 =
10, 𝐿𝐿 = 0.50 and 𝜑𝜑 = 30 in case of non-uniform heating. 

  
  

  
 [a] Uniform heating 
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[b] Non-Uniform heating 

Fig 3: Streamlines (on the left) and isotherm contours (on the right) in case of [a]uniform 

heating and [b]non-uniform heating for the values of 𝑅𝑅𝑅𝑅 = 105, 𝑃𝑃𝑃𝑃 = 10, 𝐿𝐿 = 0.25,0.5 

and  𝜑𝜑 = 30. 

The concentrated streamlines and isotherms in the boundary layer along the heated 

walls indicate higher velocities & more convection heat transfer in these areas. The 

direction of heat transfers is from the cold vertical wall to heated walls. 
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Effects of Rayleigh Number on Streamlines and Isotherms 

The figure (4) shows the streamlines (on the left) and the isotherm contours (on the 

right) inside the cavity for 𝐿𝐿 = 0.5, 𝑃𝑃𝑃𝑃 = 10, 𝑅𝑅𝑅𝑅 = 103, 106 and 𝜑𝜑 = 30 in case of 

both uniform & non-uniform heating.  From the figure 4, it can be seen that the 

strength of the velocity is highly noticed near the cold wall though the velocity field 

dominate most of the areas of the cavity. With the increment of Rayleigh number 

from 103 to 106, the velocity magnitude changes surprisingly in both case of 

uniform and non-uniform heating. In case of uniform heating, the velocity 

magnitude for 𝑅𝑅𝑅𝑅 = 106  is approximately 347 times of that for 𝑅𝑅𝑅𝑅 = 103 and in 

case of non-uniform heating the velocity magnitude for 𝑅𝑅𝑅𝑅 = 106  is approximately 

407 times of that for 𝑅𝑅𝑅𝑅 = 103. Here, we can also see that the velocity magnitude 

of uniform heating is always greater than that of non-uniform heating. The 

streamlines are almost similar in both case of uniform and non-uniform heating 

except the creations of stagnant fluid attached to the lower corner of the left vertical 

heated wall for the values of 𝑅𝑅𝑅𝑅 = 106, 𝑃𝑃𝑃𝑃 = 10, 𝐿𝐿 = 0.50 and 𝜑𝜑 = 30 in case of 

non-uniform heating.          
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[a] Uniform heating 

  

  
[b] Non-Uniform heating 

Fig 4: Streamlines (on the left) and isotherm contours (on the right) in case of [a]uniform heating 

and [b]non-uniform heating for the values of 𝐿𝐿 = 0.5, 𝑃𝑃𝑃𝑃 = 10, 𝜑𝜑 = 30 and 𝑅𝑅𝑅𝑅 = 103, 106  
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As expected, a more compact streamlines and isotherms are noticed for 𝑅𝑅𝑅𝑅 = 106 

near the cold wall.  It is noticed that the isotherm patterns change in case of both 

uniform and non-uniform heating with the enhancement of Rayleigh number from 

103 to 106. The patterns of isotherms changes when the type of heating changes. 

 

Effects of Prandtl Number on Streamlines and Isotherms 

The figure (5) shows the streamlines (on the left) and the isotherm contours (on the 

right) inside the cavity for 𝐿𝐿 = 0.5, 𝑅𝑅𝑅𝑅 = 106, 𝑃𝑃𝑃𝑃 = 0.2,10 and 𝜑𝜑 = 60 in case of 

both uniform & non-uniform heating. From the figure 5, it can be seen that the 

strength of the velocity is highly noticed near all wall when 𝑃𝑃𝑃𝑃 = 0.2  but 

comparatively a less strength of velocity is developed near the left vertical wall 

when 𝑃𝑃𝑃𝑃 = 10 though the velocity field dominate most of the areas of the cavity for 

all values of Prandtl number. With the increment of Prandtl number from 0.2 to 10, 

the velocity magnitude changes slightly in both case of uniform and non-uniform 

heating. In case of uniform heating, the velocity magnitude for 𝑃𝑃𝑃𝑃 = 10 is 

approximately 1.18 times of that for 𝑃𝑃𝑃𝑃 = 0.2 and in case of non-uniform heating 

the velocity magnitude for 𝑃𝑃𝑃𝑃 = 10 is approximately 1.19 times of that for 𝑃𝑃𝑃𝑃 =
0.2. The streamlines are almost similar in both case of uniform and non-uniform 

heating for the value of 𝑃𝑃𝑃𝑃 = 0.2. An extra vortex is developed near the top wall in 

case of uniform heating for the values of 𝐿𝐿 = 0.5, 𝑅𝑅𝑅𝑅 = 106, 𝑃𝑃𝑃𝑃 = 10 and 𝜑𝜑 = 60 

whereas in case of non-uniform heating one vortex is formed near the lower corner 

of right vertical wall for the values of 𝐿𝐿 = 0.5, 𝑅𝑅𝑅𝑅 = 106, 𝑃𝑃𝑃𝑃 = 0.2 and 𝜑𝜑 = 60 and 

one comparatively much bigger vortex is found near the bottom wall for the values 

of 𝐿𝐿 = 0.5, 𝑅𝑅𝑅𝑅 = 106, 𝑃𝑃𝑃𝑃 = 10 and 𝜑𝜑 = 60.  
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[a] Uniform heating  
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[b] Non-Uniform heating  

Fig 5: Streamlines (on the left) and isotherm contours (on the right) in case of 

[a]uniform heating and [b]non-uniform heating for the values of 𝐿𝐿 = 0.5, 𝑅𝑅𝑅𝑅 =
106, 𝜑𝜑 = 60 and 𝑃𝑃𝑃𝑃 = 0.2, 10 

A more compact streamlines noticed for 𝑃𝑃𝑃𝑃 = 0.2 near the cold wall. It is noticed 

that the isotherm patterns change slightly in case of both uniform and non-uniform 

heating with the enhancement of Prandtl number from 0.2 to 10. That is, Prandtl 

number has less effect on isotherm than that on streamline. 

Effects of the angle of inclination on Streamlines and Isotherms 

The figure (6) shows the streamlines (on the left) and the isotherm contours (on the 

right) inside the cavity for 𝐿𝐿 = 0.5, 𝑅𝑅𝑅𝑅 = 106, 𝜑𝜑 = 0,30,60 and 𝑃𝑃𝑃𝑃 = 10  in case 

of both uniform & non-uniform heating. The strength of the velocity is highly 

noticed near the two vertical wall when 𝐿𝐿 = 0.5, 𝑅𝑅𝑅𝑅 = 106, 𝜑𝜑 = 0,30 and 𝑃𝑃𝑃𝑃 = 10  

in case of both uniform and non-uniform heating but for 𝐿𝐿 = 0.5, 𝑅𝑅𝑅𝑅 = 106, 𝜑𝜑 =
60 and 𝑃𝑃𝑃𝑃 = 10 for both cases the strength of velocity is developed near the left 

vertical wall though the velocity field dominate most of the areas of the cavity for 

all values of angle of the inclination. With the increment of the angle of the 
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inclination, the velocity magnitude changes slightly in both case of uniform and non-

uniform heating. In case of uniform heating, the velocity magnitude for 𝜑𝜑 = 60 is 

approximately 1.09 times of that for 𝜑𝜑 = 0 and in case of non-uniform heating the 

velocity magnitude for 𝜑𝜑 = 60 is approximately equal of that for 𝜑𝜑 = 0. Here, we 

can also see that the velocity magnitude of uniform heating is always greater than 

that of non-uniform heating. An extra vortex is developed near the top wall in case 

of uniform heating for the values of 𝐿𝐿 = 0.5, 𝑅𝑅𝑅𝑅 = 106, 𝑃𝑃𝑃𝑃 = 10 and 𝜑𝜑 = 60 

whereas in case of non-uniform heating one vortex is formed near the lower corner 

of left vertical wall for the values of 𝐿𝐿 = 0.5, 𝑅𝑅𝑅𝑅 = 106, 𝑃𝑃𝑃𝑃 = 10 and 𝜑𝜑 = 30 and 

one comparatively much prominent vortex is found near the bottom wall for the 

values of 𝐿𝐿 = 0.5, 𝑅𝑅𝑅𝑅 = 106, 𝑃𝑃𝑃𝑃 = 10 and 𝜑𝜑 = 60. A more compact streamlines 

noticed for 𝜑𝜑 = 0 near the cold wall. It is noticed that the isotherm patterns change 

slightly in case of both uniform and non-uniform heating with the enhancement of 

angle of inclination. That is, angle of inclination has less effect on isotherm than that 

on streamline. 
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[a] Uniform heating with 𝜑𝜑 = 0 degree, 𝜑𝜑 = 30 degree and  𝜑𝜑 = 60 degree 
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[b] Non- Uniform heating with 𝜑𝜑 = 0 degree, 𝜑𝜑 = 30 degree and  𝜑𝜑 = 60 degree 

Fig 6: Streamlines (on the left) and isotherm contours (on the right) in case of 

[a]uniform heating and [b]non-uniform heating for the values of 𝐿𝐿 = 0.5, 𝑃𝑃𝑃𝑃 =
10, 𝑅𝑅𝑅𝑅 = 106 and 𝜑𝜑 = 0, 30, 60 

 

Effects on average Nusselt Number in case of angle of inclination: 

From the figure 7[a], it is clear that in case of uniform heating, average Nusselt 

number at left vertical heated wall increases with increment of the angle of 

inclination of the cavity for all Rayleigh numbers. On the other hand, in case of non-

uniform heating, average Nusselt number at left side heated wall decreases with the 
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enhancement of the angle of inclination of the cavity for all Rayleigh numbers. The 

figure 7[b] reveals that, in case of uniform heating, the average Nusselt number at 

the bottom heated wall decreases with the increase of angle of inclination at 𝑅𝑅𝑅𝑅 =
103. But at 𝑅𝑅𝑅𝑅 = 106, average Nusselt number at bottom wall decreases when the 

angle of inclination increases from 0 to 30 degree for the values of 𝐿𝐿 = 0.25 and 

𝑃𝑃𝑃𝑃 = 0.2, 10 while Nusselt number at that wall increases with the increasing of the 

angle of inclination from 30 to 60 degree for the values of 𝐿𝐿 = 0.25, 𝑃𝑃𝑃𝑃 = 10 and 

𝐿𝐿 = 0.5, 𝑃𝑃𝑃𝑃 = 0.2. In rest of the cases, average Nusselt number at the bottom wall 

in uniform heating decreases with the increment of the angle of the inclination. 

Again, in case of non-uniform heating, the average Nusselt number at bottom heated 

wall first increases when 𝜑𝜑 increases from 0 to 30 degree but it decreases when 𝜑𝜑 

increases from 30 to 60 degree for the cavity length of 0.25 meter. For the cavity 

length of 0.5 meter, in case of non-uniform heating, the average Nusselt number 

decreases when 𝜑𝜑 increases from 0 to 30 degree but it increases when 𝜑𝜑 increases 

from 30 to 60 degree. 

[a] 
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[b] 

  
Fig 7: Variations of average Nusselt number with the variations of angle of 

inclination in case of uniform heating (on the left) and non-uniform heating (on 

the right) for 𝐿𝐿 = 0.50, 𝑃𝑃𝑃𝑃 = 0.2, 𝑅𝑅𝑅𝑅 = 106 at [a] left vertical heated wall and [b] 

bottom heated wall 

[a] 
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[b] 

 
 

 

Fig 8: Variations of average Nusselt number with the variations of cavity length 

in case of uniform heating (on the left) and non-uniform heating (on the right) for 

𝜑𝜑 = 60, 𝑃𝑃𝑃𝑃 = 0.2, 𝑅𝑅𝑅𝑅 = 106 at [a] left vertical heated wall and [b] bottom heated 

wall 

 

Effects on average Nusselt Number in case of Cavity Length:  

The figure 8[a] reveals that in case of uniform heating, the average Nusselt 

number at left vertical heated wall decreases with the increase of the cavity length 

at 𝑅𝑅𝑅𝑅 = 103 but for Rayleigh number 106, when the cavity length increases, the 

heat transfer rate decreases and increases for 𝑃𝑃𝑃𝑃 = 0.2 and 𝑃𝑃𝑃𝑃 = 10 respectively. 

In case of non-uniform heating, the average Nusselt number at left vertical heated 

wall decreases with the enhancement of cavity length. On the other hand, the 

figure 8[b] demonstrates that, in case of uniform heating the average Nusselt 

number at bottom wall decreases along with the increment of cavity length. 

Irregular behavior of average Nusselt number at bottom wall is noticed in case of 
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non-uniform heating. Th heat transfer rate decreases when the cavity length 

increases for the values of 𝜑𝜑 = 0, 𝑃𝑃𝑃𝑃 = 10, 𝑅𝑅𝑅𝑅 = 103;  𝜑𝜑 = 60, 𝑃𝑃𝑃𝑃 = 10, 𝑅𝑅𝑅𝑅 =
103;  𝜑𝜑 = 0, 𝑃𝑃𝑃𝑃 = 10, 𝑅𝑅𝑅𝑅 =  106.  

  
Fig 9(a): Variations of  Nusselt number and Shear rate with the variations of 

Rayleigh number in case of uniform heating for various values of 𝐿𝐿, 𝑃𝑃𝑃𝑃 and 𝜑𝜑. 
 

But it is clear that, when the cavity is inclined at 30-degree angle, the average 

Nusselt number decreases with the increment of cavity length for all values of 

Rayleigh numbers and Prandtl numbers.  

  
Fig 9(b): Variations of  Nusselt number and Shear rate with the variations of Rayleigh 

number in case of non-uniform heating for various values of 𝐿𝐿, 𝑃𝑃𝑃𝑃 and 𝜑𝜑. 
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Again, at 𝑅𝑅𝑅𝑅 = 103, the heat transfer rate at the bottom wall in non-uniform 

heating case increases when the cavity length increases for the values of 𝜑𝜑 =
0, 𝑃𝑃𝑃𝑃 = 0.2;  𝜑𝜑 = 60, 𝑃𝑃𝑃𝑃 = 10 and at 𝑅𝑅𝑅𝑅 = 106, it increases along with the 

increment of cavity length when the cavity is inclined at 60 degree angle for all 

values of Prandtl number and also increases for the values of 𝜑𝜑 = 0, 𝑃𝑃𝑃𝑃 = 0.2. 

 

Effects Rayleigh Number on average Nusselt Number: 

The figure (9) displays the heat transfer rate at the heated walls in terms of average 

Nusselt number and shear rate. From the figure, it is obvious that the heat transfer 

rate in terms of average Nusselt number at heated walls increases with the 

increment of Rayleigh number. Viscosity increases with the decreases of shear 

rate. That is viscosity maintains inverse relation with shear rate. As expected, it is 

observed from the figure that shear rate increases with the enhancement of 

Rayleigh number. 

  

Fig 10: Variation of Nusselt number with the variation of type of heating at the left 

vertical heated wall (on the left) and bottom heated wall (on the right) 
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Effects on average Nusselt Number in case of Uniform and Non-uniform 

heating: 

The figure (10) displays the comparison of uniform heating and non-uniform heating 

to analyze the heat transfer rate in terms of average Nusselt number at the heated 

walls. It is noticed that, heat transfer rate at the both heated walls are high for the 

non-uniform heating case. That is, non-uniform heating has a greater impact on 

average Nusselt number than uniform heating. In case of uniform heating, the 

maximum heat transfer at left side heated wall occurs for the values of 𝜑𝜑 = 30 

degree, 𝐿𝐿 = 0.5, 𝑃𝑃𝑃𝑃 = 10 and 𝑅𝑅𝑅𝑅 = 106 whereas the minimum heat transfer at that 

wall occurs for the values of 𝜑𝜑 = 0 degree, 𝐿𝐿 = 0.5, 𝑃𝑃𝑃𝑃 = 0.2 and 𝑅𝑅𝑅𝑅 = 103. The 

highest and the lowest heat transfer at left vertical heated wall in case of non-uniform 

heating are found for the values of 𝜑𝜑 = 0 degree, 𝐿𝐿 = 0.25, 𝑃𝑃𝑃𝑃 = 10, 𝑅𝑅𝑅𝑅 = 106 and 

𝜑𝜑 = 60 degree, 𝐿𝐿 = 0.5, 𝑃𝑃𝑃𝑃 = 0.2, 10 and  𝑅𝑅𝑅𝑅 = 103 respectively. The maximum 

and minimum heat transfer rate at bottom wall in case of uniform heating are noticed 

for the values of 𝜑𝜑 = 0, 𝐿𝐿 = 0.25, 𝑃𝑃𝑃𝑃 = 10, 𝑅𝑅𝑅𝑅 =  106 and 𝜑𝜑 = 60, 𝐿𝐿 = 0.5, 𝑃𝑃𝑃𝑃 =
0.2, 𝑅𝑅𝑅𝑅 =  103 whereas the maximum and minimum heat transfer rate at the bottom 

wall in case of non-uniform heating are noticed for the values of 𝜑𝜑 = 30, 𝐿𝐿 =
0.25, 𝑃𝑃𝑃𝑃 = 10, 𝑅𝑅𝑅𝑅 =  106 and 𝜑𝜑 = 30, 𝐿𝐿 = 0.5, 𝑃𝑃𝑃𝑃 = 0.2, 10 and 𝑅𝑅𝑅𝑅 = 103 

respectively. 
 

Conclusion 

Here, the effects of uniform heating and non-uniform heating, Rayleigh number, 

Prandtl number, cavity length and the angle of inclination of the cavity is well 

investigated. The findings on the analysis can be summarized as follow: 
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• In case of uniform and non-uniform heating, the changing of the angle of 

inclination of the cavity doesn’t have too much significant effect on 

streamlines at 𝑅𝑅𝑅𝑅 = 105 but have a comparatively better effect at 𝑅𝑅𝑅𝑅 = 106 

• In both cases, the surface average velocity & the flow rate increase as the 

value of Rayleigh number, Prandtl number, cavity length and angle of 

inclination of the cavity increase. 

• For non-uniform heating, the isotherm’s patterns are almost similar in spite 

of the increase in the cavity length and the angle of inclination. 

• In case of uniform heating, the average nusselt number and shear rate at the 

heated wall increase the angle of inclination,   increases from 0 to 30 degree 

but they decrease when   increases from 30 to 60 degree. And,  in case of 

non-uniform heating the average nusselt number at the left vertical heated 

wall and bottom heated wall decreases as  , the angle of inclination, 

increases from 0 to 60 degree while the average shear rate at the both heated 

wall increases as 𝑅𝑅𝑅𝑅 and the cavity length increase in later case. 

• In case of uniform heating, the maximum average nusselt number is found 

for 𝐿𝐿 = 0.25, 𝑃𝑃𝑃𝑃 = 10, = 30 and 𝑅𝑅𝑅𝑅 = 106 and the minimum average 

nusselt number is found for 𝐿𝐿 = 0.50, 𝑃𝑃𝑃𝑃 = 0.2, 𝜃𝜃 = 0 and 𝑅𝑅𝑅𝑅 = 105 

• In non-uniform heating case, the maximum average nusselt number at the 

left vertical heated wall is found for 𝐿𝐿 = 0.50, 𝑃𝑃𝑃𝑃 = 10,  30=  and 𝑅𝑅𝑅𝑅 =

106 and the minimum average nusselt number at the left vertical heated wall 

is found for 𝐿𝐿 = 0.25, 𝑃𝑃𝑃𝑃 = 0.2,  60=  and 𝑅𝑅𝑅𝑅 = 105. Again, the 

maximum average nusselt number at the bottom heated wall is found for 𝐿𝐿 =
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0.25, 𝑃𝑃𝑃𝑃 = 0.2, 0= and 𝑅𝑅𝑅𝑅 = 106 and the minimum average nusselt 

number at the bottom heated wall is found for 𝐿𝐿 = 0.25, 𝑃𝑃𝑃𝑃 = 10,
60= and 𝑅𝑅𝑅𝑅 = 105. 

 

In future, the authors are interested to investigate the mixed convection in the 

presence of magnetic field and mass transfer for the same problem. 
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Abstract

Development of an efficient methodology to synthesise pyrrolidones has gained significant 
importance as pyrrolidones are known as compounds having potent biological activities. 
This review will explore the preparative methods of this class of compounds from bicyclic 
lactams. The route will permit easy access to pyrrolidones.

Keywords: Lactam, Pyrrolidone, Pyroglutamate, Oxazolomycin, Natural Products.

Introduction

Pyrrolidones 1, 2 are heterocyclic organic compounds consisting of a 5-membered lactam 
(Fig. 1). Their derivatives have been reported as having various medicinal property.
(Jouyban et al., 2010; Miguel et al., 2009) Bicyclic lactam 3 can be used to prepare various 
derivatives of pyrrolidone. This review will explain the use of this moiety as a key tool to 
synthesise library of pyrrolidone derivatives. 

 

Fig. 1: Pyrrolidones and Bicyclic lactam

Functionalised Pyrrolidones Derived from Bicyclic Lactam Template

3-Substituted Pyroglutaminols and Pyroglutamates
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The Moloney group(Jeong et al., 2011) has been interested in the development of 
methodology for the efficient synthesis of functionalised pyrrolidinones, since this class 
of compounds has potent biological activity and application in the synthesis of bio-active 
compounds. 

Bailey and co-workers(Bailey et al., 2000) reported the synthesis of functionalised 
pyroglutamates following methodology developed by Dyer.(Dyer et al., 1998) They used 
a bicyclic lactam template 4 with C-7 ethoxycarbonyl activating group, which allowed 
effective conjugate addition, providing protection of amide and hydroxy functional groups 
in a single benzylidene protecting group (Scheme 1). Conjugate addition of triethyl 
methanetricarboxylate to acylated lactam 4, prepared by literature procedure,(Bailey 
et al., 1997) under phase transfer conditions(Skarzewski, 1990) (Bu4NHSO4, K2CO3, 
anhydrous toluene at 60°C) gave the adduct 5a as a single diastereomer (6S,7S). 
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Scheme 1: Conjugate additions to acylated lactam 4(Bailey et al., 1997)
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Scheme 2: Synthesis of 3-substituted pyroglutaminols and pyroglutamates 8a, 8b 
and 11 by Moloney group(Bailey et al., 2000) 

However, the reactions of methyl cyanoacetate and ethyl acetoacetate with lactam 
4 gave an inseparable mixture of diastereoisomers 5b and 5c. Improved yields 
were observed by changing the conditions to Reformatsky conditions,(Leonard et 
al., 1998) and compounds 5d-g were generated under these conditions. Carboxylic 
acid 6 was obtained by selective hydrolysis of the ethyl ester over the tert-butyl 
ester of 5d, and subsequent decarboxylation(Krapcho, 1982) yielded compound 7 
(Scheme 2). Finally, functionalised pyrrolidinones 8 were achieved by N,O-acetal 
deprotection. 
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Treatment of lactam 5a with TFA resulted in pyroglutaminol 8a. The same 
conditions at even shorter reaction time gave pyrrolidinone 8b. Treatment of 7 
with TFA in DCM afforded pyroglutaminol 9, which was reported as an 
intermediate(Ikeda et al., 1995) in the synthesis of (-)-(2S,3R)-2-
carboxypyrrolidine-3-acetic acid (CPAA) 12, an NMDA receptor agonist.(Tsai et 
al., 1988) Further treatment with TFA removed tert-butyl ester to yield 10, which 
upon oxidation afforded 3-substituted pyroglutamate 11.  

3,4-Disubstituted Pyroglutaminols and Pyroglutamates 

In continuation of the works described above, Dyer and co-workers(Dyer et al., 
2000) investigated the ring functionalisation at C7 of esters 5a and 5d, in order to 
access conformationally constrained 4-aryl-5-oxo and 4-arylmethyl-5-oxo 
analogues of kainic acid 13 (Scheme 3).(Dyer et al., 1998) Attempted ring 
functionalisation by arylation with phenyllead triacetate was found futile for 
adduct 5a, whereas 5d was used successfully to access desired kainoid analogues 
22. Compound 5d was treated with aryllead reagents, which afforded products 14 
and 15 as inseparable mixture of diastereomers. 

 

Scheme 3: Arylation and alkylations of lactam 5d. 
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Deprotection of lactams 14a,g,h and 15a,g,h was performed with TFA in DCM, 
which gave diastereomerically pure alcohols 16 and 17 (Scheme 4).To remove the 
ethoxycarbonyl substituent at C7 position, hydrolysis and decarboxylation was 
performed on 16a,h, resulting in the diastereomers 18 and 19 with higher 
proportion of 18 having the desired kainic acid configuration. 

 

Scheme 4: Synthesis of 3,4-substituted pyroglutaminols and pyroglutamates by 
Moloney group(Dyer et al., 2000) 
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Treatment of alcohols 18 and 19 with TFA removed the tert-butyl group and 
subsequent oxidation with ruthenium(IV) oxide/sodium periodate and methylation 
with diazomethane gave the expected diastereomers 20 and 21. Hydrolysis of 
dimethyl ester 21a with NaOH in aqueous THF afforded kainoid analogues 22 as a 
mixture of 4S and 4R isomers with 4R as major isomer. Pyrrolidinone 16a was 
converted to 23 via oxidation and esterification, while 17a failed under the same 
conditions. Conversion of 17h by hydrolysis, decarboxylation and oxidation, as 
described for the conversion of 16 to 20/21, gave an almost equal mixture of 
methyl ester and ethyl ester (at C4) 24 (Scheme 4).  

Recently, the Moloney group has been interested in modification at C7 of bicyclic 
tetramate type 28, leading to 3-acyl tetramic acid moiety 25, found in natural 
products with antibacterial activities.(Gänzle, 2004; Tuske et al., 2005; Vinale et 
al., 2009) Josa-Cullere et al.(Josa-Culleré et al., 2017) reported the use of Weinreb 
amides in the chemoselective formation and reaction of densely functionalised 
bicyclic tetramic acids 28 with Grignards(Scheme 5). Treatment of 
oxazolidine/thiazolidine(Andrews et al., 1998)26 with methoxy(methyl)carbamic 
chloride gave tricarbonyl compound 27, which was then cyclised to Weinreb 
amide 28 using DBU/THF.  

 

Scheme 5: Preparation and reaction of Weinreb amides(Josa-Culleré et al., 2017) 
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Scheme 6: N,O-Acetal deprotection and hydrolysis of 29a and 32a-c (Eur. J. Org. 
Chem, 2017, 7055-7059) 

Attempted N,O-acetal deprotection was not successful for all of the synthesised 
compounds 29-33 with a variety of deprotection reagents.(Josa-Culleré et al., 
2017) These deprotected compounds were instead accessed by methylating 29a 
and 32a using Mitsunobu reaction conditions,(Bajwa & Anderson, 1990) which 
gave a mixture of enolates 34/35 and 34’/35’, followed by treatment with propane-
1,3-diol and 2,2,2-trifluroethanol at 50°C, resulting in the formation of deprotected 
alcohol 36 from 34 (Scheme 6). A similar conversion for 35 was found to be 
difficult at the purification stage of 37, hence crude 37 was treated with an 
acylating reagent to isolate protected alcohol 38. Decarboxylated products 39 and 
40a-c were prepared diastereoselectively via hydrolysis with excess LiOH and 
reflux in MeCN.  
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Characteristic Examples of Natural Products Having Lactam Moiety 
Oxazolomycin 

 

Fig. 2: Structure of oxazolomycin class of natural products (Org. Biomol. Chem., 
2012, 10, 3472-3485). 

The oxazolomycin class of natural products (Fig. 2), oxazolomycin A-C 41a-c, 16-
methyloxazolomycin 41d, curromycin A-B 41e-f, KSM2690 41g-h and 
lajollamycin 66, are well-known for their structural features and wide range of 
biological activity.(Moloney et al., 2004) For example, lajollamycin 42 shows 
antibacterial activity against drug-sensitive and drug-resistant micro-organisms 
(Table 1) and inhibits the growth of murine melanoma cell line B16-F10, with an 
EC50 of 9.6 µM.(Manam et al., 2005) 
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Table 1: Minimum inhibitory concentration (MIC) values for lajollamycin 42 
against bacterial strains (Journal of Natural Products, 2005, 68, 240-243) 

SL Microorganism MIC (µg/mL) 

1 Staphylococcus aureus - methicillin sensitive 4 
2 Staphylococcus aureus – methicillin resistant 5 
3 Streptococcus pneumoniae – penicillin sensitive 2 
4 Streptococcus pneumoniae – penicillin resistant 1.5 
5 Enterococcus faecalis – vancomycin sensitive 14 
6 Enterococcus faecium – vancomycin resistant 20 
7 Escherichia coli - imp 12 

 

 

Scheme 7: Synthesis of mimics of the complex spirolactam-lactone system of the 
oxazolomycins via 6-substituted bicyclic pyroglutamates 48.(Angelov et al., 2012) 
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Angelov et al.(Angelov et al., 2012)reported the synthesis of functionalised 
pyroglutamates, which are simpler mimics of the more complex spirolactam-
lactone system of the oxazolomycins (Scheme 7). Acylation of Meldrum’s acid 43 
using methoxyacetyl chloride generated 44, which was treated with oxazolidine 45 
at 60 °C to give amide 46. Intramolecular Aldol reaction of ketoamides 46 was 
achieved in presence of sodium methoxide and methanol, and the product was 
obtained as mixture of diastereomers 47 and 48 (major) among which the major 
one had correct relative stereochemistry for oxazolomycin.(Angelov et al., 
2012)C-Alkylation on 48 was carried out using LDA and excess MeI, giving the 
products 49 (major) and 50 (minor). Fortunately, treatment of 49 with KHMDS 
followed by tBuOH yielded 50, having the correct relative stereochemistry for 
oxazolomycins. Deprotection of 50 was carried out following Corey’s 
procedure(Corey & Reichard, 1992) to yield pyroglutaminols 51. Ester hydrolysis 
of 51 gave corresponding acids 52, with the correct relative configuration for the 
right-hand fragment of oxazolomycins. Similarly, successful acetylation was 
carried out on 51 yielding pyroglutamates of the type 53. Of the compounds with 
correct relative configuration for the right-hand fragment of oxazolomycins, 51b 
and 53b were found to be active against S. aureus, and 50b, 51a, 51b, 52a, 53b 
were active against E. coli. 

Pramanicin 

Paramanicin 54, containing a highly functionalised pyroglutaminol moiety and 
functionalised fatty acid chain, was shown to exhibit antibacterial 
activity(Schwartz et al., 1994) against Bacillus subtilis with minimum inhibitory 
concentration (MIC) of 4µM.  

 

Fig. 3: Structure of pramanicin (Org. Biomol. Chem., 2017, 15, 1889-1912) 
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Microtiter dish broth dilution assays were used in determining antifungal activity. 
The results are shown in Table 2. 

Table 2: Antimicrobial activity of Paramanicin 54 (Tetrahedron, 1994, 50(6), 
1675-1686) 

SL NO Organism MIC of Pramanicin, µM 

1 Candida albicans 20.0 

2 Candida parapsilosis 4.0 
3 Candida tropicalis 20.0 
4 Candida krusei >100.0 
5 Cryptococcus neoformans 20.0 
6 Cryptococcus neoformans 0.062 
7 Aspergillus fumigatus 100.0 

 

Lincosamides 

Lincosamides(Spížek et al., 2004) are naturally occurring compounds, with a 
chemically distinct pyrrolidine core structure (Fig. 4) and having wide range of 
biological activities. The first member of this family discovered was lincomycin 
55,(Hoeksema et al., 1964) which was first introduced clinically in 1963. 
Lincomycin was shown to be clinically effective in a number of bacterial 
infections including Staphylococcus osteitis, infective dermatoses, and respiratory 
infections.(HOLLOWAY et al., 1963) Excellent results were found in the 
treatment of penicillin-resistant infections, including penicillinase-producing 
Staphylococcus pyogenes in children.(Bentley & Pollock, 1968) Later, the original 
lincosamide antibiotic was superseded by a semi-synthetic drug clindamycin 56, a 
derivative of lincomycin, because of its wide activity and better absorption 
behaviour after oral adminstration.(Birkenmeyer & Kagan, 1970) 
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Fig. 4: Structure of Lincosamides (J. Mol. Model, 2012, 18, 2727-2740) 

The spectrum of activity for lincosamides includes staphylococci, penicillinase-
producing strains, haemolytic streptococci, pneumococci, and C. diptheriae and 
the minimum inhibitory concentration for most strains of these compounds is 
usually less than 2 µg/mL.(Bentley & Pollock, 1968) 

Lucentamycins 

 

Fig. 5: Structure of Lucentamycins (J. Nat. Prod., 2012, 75, 1648-1651) 
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The lucentamycins(Cha et al., 2012; Cho et al., 2007; Ranatunga et al., 2012) are a 
family of tripeptides produced by Nocardiopsis lucentensis (strain CNR-712) from 
the fermentation broth of a marine-derived actinomycete.(Cho et al., 2007) They 
are structurally novel with 3-methyl-4-ethylideneproline unit (Fig. 5) and show 
significant in vitro cytotoxicity against HCT-116 human colon carcinoma.(Cho et 
al., 2007) 

Conclusions  

This review extensively describes the efficient synthetic strategy for the 
conversion of bicyclic lactam to 3-substituted and 3,4-disubstituted pyrrolidones. 
Though some compounds was found as mixture of diastereoisomers, 5a was found 
as a single diastereomer. Ester 5d was used successfully to furnish desired kainoid 
analogues 22. An intermediate 9 in the synthesis of CPAA, an NMDA receptor 
agonist, was prepared efficiently. Conversion of 16a,h to 18 and 19 permitted a 
compound having kainic acid configuration. Moloney group successfully modified 
bicyclic tetramate 28 leading to 3-acyl tetramic acid core, found in natural 
products with antibacterial activities. Fortuitously, correct relative stereochemistry 
for oxazolomycins was found by treatment of 49 with KHMDS followed by 
tBuOH. Fruitful acylation was carried out on 51 yielding 53.  

Among the synthesized compounds with correct relative configuration for the 
right-hand fragment of oxazolomycins, 51b and 53b were found to be active 
against S. aureus, and 50b, 51a, 51b, 52a, 53b were active against E. coli. 
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1. Introduction 

If  ,  ,       for             and        , then the 
function               defined by 

              ∑
          
        

 

   
       | |     

where          {                                                                             

is known as the Gaussian hypergeometric function. By the Euler's integral 
representation formula, one can extend               analytically to     [1,    
(cf. Chapter II of (Bateman, 1953) and Chapter XIV of (Whittaker and Watson, 
1927)). 
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For the group SL2(ℝ) given by  

SL2(ℝ) = {(𝑎𝑎 𝑏𝑏
𝑐𝑐 𝑑𝑑) ∶ 𝑎𝑎, 𝑏𝑏, 𝑐𝑐, 𝑑𝑑 ∈ ℝ,   𝑎𝑎𝑎𝑎 − 𝑏𝑏𝑏𝑏 = 1}, 

the group PSL2(ℝ) is defined as  

PSL2(ℝ) = SL2(ℝ)/{𝐼𝐼2, −𝐼𝐼2}, 

where 𝐼𝐼2  is the 2 × 2 identity matrix (see Chapter VII of (Serre, 1973)). Let ℋ 
denote the complex upper half-plane ℋ = {𝑤𝑤 ∈ ℂ ∶ Im 𝑤𝑤 > 0} . The action of 
PSL2(ℝ) on ℋ is given by  

𝑤𝑤 ↦ (𝑎𝑎 𝑏𝑏
𝑐𝑐 𝑑𝑑) 𝑤𝑤 = 𝑎𝑎𝑎𝑎 + 𝑏𝑏

𝑐𝑐𝑐𝑐 + 𝑑𝑑  

for (𝑎𝑎 𝑏𝑏
𝑐𝑐 𝑑𝑑) ∈  PSL2(ℝ) and 𝑤𝑤 ∈ ℋ.  

Let 𝐴𝐴 = (𝑎𝑎 𝑏𝑏
𝑐𝑐 𝑑𝑑) ∈  PSL2(ℝ). The element 𝐴𝐴  is called parabolic if 𝑎𝑎 + 𝑏𝑏 = ±2 , 

elliptic if (𝑎𝑎 + 𝑏𝑏) ∈ ℝ and |𝑎𝑎 + 𝑏𝑏| < 2, hyperbolic if (𝑎𝑎 + 𝑏𝑏) ∈ ℝ and |𝑎𝑎 + 𝑏𝑏| >
2, loxo-dromic if (𝑎𝑎 + 𝑏𝑏) ∈ ℂ (see Theorem 15, Section 10 of (Ford, 1929)). Let 
𝐺𝐺 ⊂ PSL2(ℝ)  be a triangle group with signature (0; 𝑛𝑛1,  𝑛𝑛2, 𝑛𝑛3)  acting on ℋ . 
Consider a parabolic element 𝐴𝐴1 ∈ 𝐺𝐺 and an elliptic element 𝐴𝐴2 ∈ 𝐺𝐺. If 𝐴𝐴1(𝑥𝑥) = 𝑥𝑥, 
where 𝑥𝑥 ∈  ℝ ∪ {∞}, then the point 𝑥𝑥 is called a cusp of the group 𝐺𝐺. If 𝐴𝐴1(𝑤𝑤) = 𝑤𝑤, 
where 𝑤𝑤 ∈ ℋ, then we call the point 𝑤𝑤 an elliptic point of 𝐺𝐺. Since the action of 𝐺𝐺 
on ℋ is properly discontinuous, we obtain the quotient Riemann surface 𝐺𝐺\ℋ (see 
(Beardon, 1983) and (Katok, 1992)). In (Alam, 2021) and (Alam and Sugawa, 2022), 
a special type of triangle group known as the Hecke group is investigated to study 
modular equations.  

For a hyperbolic triangle [𝑤𝑤1, 𝑤𝑤2, 𝑤𝑤3]  with angles 𝜋𝜋
𝑛𝑛1

, 𝜋𝜋
𝑛𝑛2

, 𝜋𝜋
𝑛𝑛3

, let 𝑓𝑓  denote the 

Schwarz triangle function. The 𝐺𝐺-automorphic function 𝜉𝜉: ℋ → 𝐺𝐺\ℋ∗, where ℋ∗ 
is the union of ℋ and the set of cusps of 𝐺𝐺, is the inverse of 𝑓𝑓 and  

𝜉𝜉 (𝑎𝑎𝑎𝑎 + 𝑏𝑏
𝑐𝑐𝑐𝑐 + 𝑑𝑑) = 𝜉𝜉(𝑤𝑤) 
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for 𝑤𝑤 ∈ ℋ and (𝑎𝑎 𝑏𝑏
𝑐𝑐 𝑑𝑑) ∈ 𝐺𝐺. The function 𝜉𝜉(𝑤𝑤) can be normalized in such a way 

that the orders of the ramifications are 𝑛𝑛1, 𝑛𝑛2, 𝑛𝑛3 over 0, 1, ∞, respectively (see 
(Cohen et al., 1994). Suppose that 𝑛𝑛1, 𝑛𝑛2 and 𝑛𝑛3 are the orders of the elliptic points 
𝑤𝑤1, 𝑤𝑤2 and 𝑤𝑤3, respectively, such that 

𝜉𝜉(𝑤𝑤1) = 0,     𝜉𝜉(𝑤𝑤2) = 1,     𝜉𝜉(𝑤𝑤3) = ∞. 

Then, 𝜉𝜉(𝑤𝑤)  satisfies the following hypergeometric differential equation 

(1.1)                         𝜉𝜉(1 − 𝜉𝜉) 𝑑𝑑2𝑔𝑔
𝑑𝑑𝜉𝜉2 + {𝛾𝛾 − (𝛼𝛼 + 𝛽𝛽 + 1)𝜉𝜉} 𝑑𝑑𝑑𝑑

𝑑𝑑𝑑𝑑 − 𝛼𝛼𝛼𝛼𝛼𝛼 = 0.                 

Let 𝑔𝑔1(𝜉𝜉) and 𝑔𝑔2(𝜉𝜉) be linearly independent solutions of (1.1), then  

𝑓𝑓(𝜉𝜉) = 𝑔𝑔2(𝜉𝜉)
𝑔𝑔1(𝜉𝜉) 

is the Schwarz triangle function. The Schwarzian derivative, denoted by {𝑓𝑓, 𝜉𝜉}, of 
𝑓𝑓(𝜉𝜉) is given by 

{𝑓𝑓, 𝜉𝜉} = (𝑓𝑓′′(𝜉𝜉)
𝑓𝑓′(𝜉𝜉) )

′
− 1

2 (𝑓𝑓′′(𝜉𝜉)
𝑓𝑓′(𝜉𝜉) )

2
. 

The function 𝑓𝑓(𝑧𝑧) satisfies the Schwarzian equation given by 

(1.2)                       {𝑓𝑓, 𝜉𝜉} = 1 − 𝑝𝑝1
2

2𝜉𝜉2 + 1 − 𝑝𝑝2
2

2(1 − 𝜉𝜉)2 + 1 − 𝑝𝑝1
2 − 𝑝𝑝2

2 + 𝑝𝑝3
2

2𝜉𝜉(1 − 𝜉𝜉) ,        

where 𝑝𝑝1, 𝑝𝑝2, 𝑝𝑝3 are known as accessory parameters and  

𝑝𝑝1 = 1
𝑛𝑛1

, 𝑝𝑝2 = 1
𝑛𝑛2

, 𝑝𝑝3 = 1
𝑛𝑛3

 

(cf. Chap. V, Sect. 7 of (Nehari, 1952)). These facts are presented in the following 
theorem. 
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Theorem A (Theorem 6.2 of (Bayer and Travesa, 2007)). For 𝛾𝛾 ≠ 1, let 

𝛼𝛼′ = 𝛼𝛼 − 𝛾𝛾 + 1, 𝛽𝛽′ = 𝛽𝛽 − 𝛾𝛾 + 1, 𝛾𝛾′ = 2 − 𝛾𝛾, 

then the functions 

𝑔𝑔1(𝜉𝜉) = 𝐹𝐹1(𝛼𝛼, 𝛽𝛽;  𝛾𝛾; 𝜉𝜉)2    and   𝑔𝑔2(𝜉𝜉) = 𝜉𝜉1−𝛾𝛾 𝐹𝐹1(𝛼𝛼′, 𝛽𝛽′;  𝛾𝛾′; 𝜉𝜉)2  

are linearly independent solutions of (1.1). Let  

𝑤𝑤 = 𝑓𝑓(𝜉𝜉) = 𝑔𝑔2(𝜉𝜉)
𝑔𝑔1(𝜉𝜉), 

then ℋ = {𝜉𝜉 ∈ ℂ ∶ 𝐼𝐼𝐼𝐼 𝜉𝜉 > 0}  is mapped by 𝑓𝑓(𝜉𝜉)  conformally to the hyperbolic 
(non-Euclidean) triangle [𝑤𝑤1, 𝑤𝑤2, 𝑤𝑤3] in the 𝑤𝑤-plane, where 

𝑤𝑤1 = 𝑓𝑓(0) = 0, 

𝑤𝑤2 = 𝑓𝑓(1) = 𝛤𝛤(2 − 𝛾𝛾)𝛤𝛤(𝛾𝛾 − 𝛼𝛼)𝛤𝛤(𝛾𝛾 − 𝛽𝛽)
𝛤𝛤(𝛾𝛾)𝛤𝛤(1 − 𝛼𝛼)𝛤𝛤(1 − 𝛽𝛽) , 

𝑤𝑤3 = 𝑓𝑓(1) = 𝛤𝛤(𝛼𝛼)𝛤𝛤(𝛾𝛾 − 𝛽𝛽)𝛤𝛤(2 − 𝛽𝛽)
𝛤𝛤(𝛾𝛾)𝛤𝛤(𝛼𝛼 − 𝛾𝛾 + 1)𝛤𝛤(1 − 𝛽𝛽). 

The interior angles at the vertices 𝑤𝑤1 , 𝑤𝑤2  and 𝑤𝑤3  are, respectively, (1 − 𝛾𝛾)𝜋𝜋 , 
(𝛾𝛾 − 𝛼𝛼 − 𝛽𝛽)𝜋𝜋 and (𝛽𝛽 − 𝛼𝛼)𝜋𝜋.  

For 𝑤𝑤1, 𝑤𝑤2 ∈ ℋ, let us denote the hyperbolic (non-Euclidean) distance between 𝑤𝑤1 
and 𝑤𝑤2  by 𝑑𝑑ℎ(𝑤𝑤1 , 𝑤𝑤2) . Since at the vertices 𝑤𝑤1 , 𝑤𝑤2  and 𝑤𝑤3  of the hyperbolic 
triangle [𝑤𝑤1, 𝑤𝑤2, 𝑤𝑤3], the angles are 𝜋𝜋

𝑛𝑛1
, 𝜋𝜋

𝑛𝑛2
 and 𝜋𝜋

𝑛𝑛3
, respectively, we have 

(1.3)                              tanh2 𝑑𝑑ℎ(𝑤𝑤1, 𝑤𝑤2)
2     

=
cos {1

2 ( 1
𝑛𝑛1

+  1
𝑛𝑛2

+ 1
𝑛𝑛3

) 𝜋𝜋} cos {1
2 ( 1

𝑛𝑛1
+  1

𝑛𝑛2
− 1

𝑛𝑛3
) 𝜋𝜋}

cos {1
2 ( 1

𝑛𝑛2
+  1

𝑛𝑛3
− 1

𝑛𝑛1
) 𝜋𝜋} cos {1

2 ( 1
𝑛𝑛3

+ 1
𝑛𝑛1

− 1
𝑛𝑛2

) 𝜋𝜋}
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Lemma 2.2. Let 𝑤𝑤1, 𝑤𝑤2 ∈ ℋ be the elliptic points of orders 𝑛𝑛1 and 𝑛𝑛2, respectively. 
Then the hyperbolic (non-Euclidean) distance, 𝑑𝑑ℎ(𝑤𝑤1, 𝑤𝑤2), between 𝑤𝑤1 and 𝑤𝑤2 is 
given by 

tanh2 𝑑𝑑ℎ(𝑤𝑤1, 𝑤𝑤2)
2 = sin 𝜋𝜋𝜋𝜋 sin 𝜋𝜋𝜋𝜋

sin 𝜋𝜋𝜋𝜋′ sin 𝜋𝜋𝜋𝜋′. 

Proof. We have 

(2.2)                        1
𝑛𝑛1

= 1 − 𝛾𝛾, 1
𝑛𝑛2

= 𝛾𝛾 − 𝛼𝛼 − 𝛽𝛽, 1
𝑛𝑛3

= 𝛽𝛽 − 𝛼𝛼          

and  

(2.3)                        𝛼𝛼′ = 𝛼𝛼 − 𝛾𝛾 + 1, 𝛽𝛽′ = 𝛽𝛽 − 𝛾𝛾 + 1, 𝛾𝛾′ = 2 − 𝛾𝛾.        

From (2.2) and(2.3), it follows that 

(2.4)     α = 1
2 (1 − 1

𝑛𝑛1
− 1

𝑛𝑛2
− 1

𝑛𝑛3
) ,   𝛽𝛽 = 1

2 (1 − 1
𝑛𝑛1

− 1
𝑛𝑛2

+ 1
𝑛𝑛3

) ,   𝛾𝛾 = 1 − 1
𝑛𝑛1

 

and  

(2.5)    α′ = 1
2 (1 + 1

𝑛𝑛1
−  1

𝑛𝑛2
− 1

𝑛𝑛3
),   𝛽𝛽′ = 1

2 (1 + 1
𝑛𝑛1

−  1
𝑛𝑛2

+ 1
𝑛𝑛3

),   𝛾𝛾′ = 1 + 1
𝑛𝑛1

.  

Thus,          

          
1

𝑛𝑛1
+ 1

𝑛𝑛2
+ 1

𝑛𝑛3
= 1 − 2𝛼𝛼, 

1
𝑛𝑛1

+ 1
𝑛𝑛2

− 1
𝑛𝑛3

= 1 − 2β, 

− 1
𝑛𝑛1

+  1
𝑛𝑛2

+ 1
𝑛𝑛3

= 1 − 2𝛼𝛼′, 

− 1
𝑛𝑛1

+ 1
𝑛𝑛2

− 1
𝑛𝑛3

= 1 − 2β′. 



135

Barishal University Journal of Science and Engineering, Vol. 8: 129-140 (2023)                           First Derivative of Automorphic...

From (1.3), we have 

tanh2 𝑑𝑑ℎ(𝑤𝑤1, 𝑤𝑤2)
2 =

cos {1
2 (1 − 2𝛼𝛼)𝜋𝜋} cos {1

2 (1 − 2β)𝜋𝜋}

cos {1
2 (1 − 2𝛼𝛼′)𝜋𝜋} cos {− 1

2 (1 − 2β′)𝜋𝜋}
 

= sin 𝜋𝜋𝜋𝜋 sin 𝜋𝜋𝜋𝜋
sin 𝜋𝜋𝜋𝜋′ sin 𝜋𝜋𝜋𝜋′.               

Recall that the linearly independent solutions of (1.1) are  

𝑔𝑔1(𝜉𝜉) = 𝐹𝐹1(𝛼𝛼, 𝛽𝛽;  𝛾𝛾; 𝜉𝜉)2  

and  

𝑔𝑔2(𝜉𝜉) = 𝜉𝜉1−𝛾𝛾 𝐹𝐹1(𝛼𝛼′, 𝛽𝛽′;  𝛾𝛾′; 𝜉𝜉)2  

for 0 < 𝛾𝛾 < 1. The quotient  

𝑤𝑤 = 𝑓𝑓(𝜉𝜉) = 𝑔𝑔2(𝜉𝜉)
𝑔𝑔1(𝜉𝜉) 

maps conformally ℋ  to the interior of [𝑤𝑤1, 𝑤𝑤2, 𝑤𝑤3] . Let ∂[𝑤𝑤1, 𝑤𝑤2, 𝑤𝑤3]  and  ∂ℋ 
denote the boundary of the triangle [𝑤𝑤1, 𝑤𝑤2, 𝑤𝑤3]  and the boundary of ℋ , 
respectively. Then 𝑓𝑓(𝜉𝜉)  forms a homeomorphism between ∂ℋ =  ℝ ∪ {∞}  and 
∂[𝑤𝑤1, 𝑤𝑤2, 𝑤𝑤3]. The orders of 𝑤𝑤1, 𝑤𝑤2 and 𝑤𝑤3 are 𝑛𝑛1, 𝑛𝑛2 and 𝑛𝑛3, respectively, where 
𝑛𝑛1, 𝑛𝑛2, 𝑛𝑛3 are integers greater than 2 or infinity. Since  

1
𝑛𝑛1

+ 1
𝑛𝑛2

+ 1
𝑛𝑛3

< 1, 

the inverse 𝜉𝜉(𝑤𝑤) of the Schwarz triangle function 𝑓𝑓(𝜉𝜉) is single-valued (see p. 416 
in (Sansone and Gerretsen, 1969)). Also,  

𝜉𝜉(𝑤𝑤1) = 0,     𝜉𝜉(𝑤𝑤2) = 1  and     𝜉𝜉(𝑤𝑤3) = ∞. 

Consider the elliptic point 𝑤𝑤1 ∈ ℋ of order 𝑛𝑛1 and let 𝐴𝐴 ∈ 𝐺𝐺 be the generator of the 
stabilizer subgroup for 𝑤𝑤1, then 
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(2.6)                                         𝐴𝐴𝐴𝐴 − 𝑤𝑤1
𝐴𝐴𝐴𝐴 − 𝑤̅𝑤1

= 𝑒𝑒
2𝜋𝜋𝜋𝜋
𝑛𝑛1

𝑤𝑤 − 𝑤𝑤1
𝑤𝑤 − 𝑤̅𝑤1

      

(see (9) of Section 48 in (Ford, 1929)). Also, for (𝑎𝑎 𝑏𝑏
𝑐𝑐 𝑑𝑑) ∈ 𝐺𝐺 and 𝑤𝑤 = 𝑔𝑔2

𝑔𝑔1
, we 

have  

(2.7)                             𝑤𝑤 ↦ (𝑎𝑎 𝑏𝑏
𝑐𝑐 𝑑𝑑) 𝑤𝑤 = 𝑎𝑎𝑎𝑎 + 𝑏𝑏

𝑐𝑐𝑐𝑐 + 𝑑𝑑 = 𝑎𝑎𝑔𝑔2 + 𝑏𝑏𝑔𝑔1
𝑐𝑐𝑔𝑔2 + 𝑔𝑔1

.                         

The two sides (hyperbolic lines) of [𝑤𝑤1, 𝑤𝑤2, 𝑤𝑤3] through 𝑤𝑤1 are mapped to straight 
lines through the origin by the Möbius transformation 

𝑤𝑤 →  𝑤𝑤 − 𝑤𝑤1
𝑤𝑤 − 𝑤̅𝑤1

. 

Proof of Theorem 2.1. The points on 𝐺𝐺\ℋ are the 𝐺𝐺-orbits of 𝑤𝑤 near the elliptic 
point 𝑤𝑤1 such that  

𝑤𝑤 − 𝑤𝑤1
𝑤𝑤 − 𝑤̅𝑤1

= 𝐾𝐾 𝑤𝑤2
𝑤𝑤1

 

(2.8)                                       𝑤𝑤 − 𝑤𝑤1
𝑤𝑤 − 𝑤̅𝑤1

= 𝐾𝐾 𝜉𝜉1−𝛾𝛾 𝐹𝐹1(𝛼𝛼′, 𝛽𝛽′;  𝛾𝛾′; 𝜉𝜉)2
𝐹𝐹1(𝛼𝛼, 𝛽𝛽;  𝛾𝛾; 𝜉𝜉)2

      

for a nonzero constant 𝐾𝐾 (see (48) of (Elkies, 1998)). By assumptions, 𝜉𝜉(𝑤𝑤2) = 1 
and 

𝛾𝛾′ − 𝛼𝛼′ − 𝛽𝛽′ = 𝛾𝛾 − 𝛼𝛼 − 𝛽𝛽, 

𝛾𝛾′ − 𝛽𝛽′ = 1 − 𝛽𝛽, 

𝛾𝛾′ − 𝛼𝛼′ = 1 − 𝛼𝛼. 

Thus,    𝐹𝐹1(𝛼𝛼, 𝛽𝛽;  𝛾𝛾; 𝜉𝜉(𝑤𝑤2)) = Γ(𝛾𝛾)Γ(𝛾𝛾−𝛼𝛼−𝛽𝛽)
Γ(𝛾𝛾−𝛼𝛼)Γ(𝛾𝛾−𝛽𝛽)2  

(see Section 14.11 of (Bateman, 1953)) and 
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                             𝐹𝐹1(𝛼𝛼′, 𝛽𝛽′;  𝛾𝛾′; 𝜉𝜉(𝑤𝑤2))2 = Γ(𝛾𝛾′)Γ(𝛾𝛾′ − 𝛼𝛼′ − 𝛽𝛽′)
Γ(𝛾𝛾′ − 𝛼𝛼′)Γ(𝛾𝛾′ − 𝛽𝛽′) 

                                                                        = Γ(𝛾𝛾′)Γ(𝛾𝛾 − 𝛼𝛼 − 𝛽𝛽)
Γ(1 − 𝛼𝛼)Γ(1 − 𝛽𝛽)  . 

Therefore, when 𝑤𝑤 → 𝑤𝑤2, from (2.8) we have 

𝑤𝑤2 − 𝑤𝑤1
𝑤𝑤2 − 𝑤̅𝑤1

= 𝐾𝐾 Γ(𝛾𝛾′)Γ(𝛾𝛾 − 𝛼𝛼)Γ(𝛾𝛾 − 𝛽𝛽)
Γ(𝛾𝛾)Γ(1 − 𝛼𝛼)Γ(1 − 𝛽𝛽)  

or, 

(2.9)                                𝐾𝐾 = 𝑤𝑤2 − 𝑤𝑤1
𝑤𝑤2 − 𝑤̅𝑤1

Γ(𝛾𝛾)Γ(1 − 𝛼𝛼)Γ(1 − 𝛽𝛽)
Γ(𝛾𝛾′)Γ(1 − 𝛼𝛼′)Γ(1 − 𝛽𝛽′).  

 

Since sin 𝜋𝜋𝜋𝜋 = 𝜋𝜋
Γ(𝛼𝛼)Γ(1−𝛼𝛼) for 𝛼𝛼 ≠ ℤ, by Lemma 2.2 we have  

tanh2 𝑑𝑑ℎ(𝑤𝑤1, 𝑤𝑤2)
2 = sin 𝜋𝜋𝜋𝜋 sin 𝜋𝜋𝜋𝜋

sin 𝜋𝜋𝛼𝛼′ sin 𝜋𝜋𝛽𝛽′ 

or, 

(2.10)                             tanh2 𝑑𝑑ℎ(𝑤𝑤1, 𝑤𝑤2)
2 = Γ(𝛼𝛼′)Γ(1 − 𝛼𝛼′)Γ(𝛽𝛽′)Γ(1 − 𝛽𝛽′)

Γ(𝛼𝛼)Γ(1 − 𝛼𝛼)Γ(𝛽𝛽)Γ(1 − 𝛽𝛽)  

From (1.4), it follows that  

(2.11)                              tanh2 𝑑𝑑ℎ(𝑤𝑤1, 𝑤𝑤2)
2 = (𝑤𝑤2 − 𝑤𝑤1

𝑤𝑤2 − 𝑤̅𝑤1
)

2
. 

Thus, from (2.9), (2.10) and (2.11), we have 

𝐾𝐾 = ( Γ(1 − α)Γ(1 − β)Γ(α′)Γ(β′)
Γ(α)Γ(β) Γ(1 − α′)Γ(1 − β′))

1
2

  Γ(γ)
Γ(γ′). 

Now, (2.8) implies  
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(2.12)                                          𝑤𝑤 = 𝑤𝑤1𝑔𝑔1 − 𝐾𝐾𝑤̅𝑤1𝑔𝑔2
𝑔𝑔1 − 𝐾𝐾𝑔𝑔2

. 

Therefore,  

(2.13)                               𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑 = 𝐾𝐾(𝑤𝑤1 − 𝑤̅𝑤1)

𝑔𝑔1
𝑑𝑑𝑔𝑔2
𝑑𝑑𝑑𝑑 − 𝑑𝑑𝑔𝑔1

𝑑𝑑𝑑𝑑 𝑔𝑔2

(𝑔𝑔1 − 𝐾𝐾𝑔𝑔2)2 . 

Let 𝑊𝑊 denote the Wronskian of 𝑔𝑔1 and 𝑔𝑔2 given by  

𝑊𝑊 = 𝑔𝑔1
𝑑𝑑𝑔𝑔2
𝑑𝑑𝑑𝑑 − 𝑑𝑑𝑔𝑔1

𝑑𝑑𝑑𝑑 𝑔𝑔2. 

Then,  

(2.14)                                   𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑 = 𝐾𝐾(𝑤𝑤1 − 𝑤̅𝑤1) 𝑊𝑊

(𝑔𝑔1 − 𝐾𝐾𝑔𝑔2)2. 

From (1.1), we have  

(2.15)                                   𝑑𝑑
2𝑔𝑔

𝑑𝑑𝜉𝜉2 + 𝑃𝑃(𝜉𝜉) 𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑 + 𝑄𝑄(𝜉𝜉)𝑔𝑔 = 0, 

where  

𝑃𝑃(𝜉𝜉) = 𝛾𝛾−(𝛼𝛼+𝛽𝛽+1)𝜉𝜉
𝜉𝜉(1−𝜉𝜉)        and 

𝑄𝑄(𝜉𝜉) = 𝛼𝛼𝛼𝛼
𝜉𝜉(1 − 𝜉𝜉). 

Since the linearly independent solutions of (2.15) are 𝑔𝑔1(𝜉𝜉) and 𝑔𝑔2(𝜉𝜉), we have by 
Abel’s theorem (see Theorem 3.3.2 of (Boyce et al., 2021))  

(2.16)                             𝑊𝑊(𝜉𝜉) = 𝑊𝑊(𝜉𝜉0) exp (− ∫ 𝑃𝑃(𝜉𝜉)𝑑𝑑𝑑𝑑
𝜉𝜉

𝜉𝜉0

) , 
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Now,       implies  

                                                         ̅   
      

  

Therefore,  

                 ̅  
     

      
    

         
  

Let   denote the Wronskian of    and    given by  

    
   
      

      

Then,  

                 ̅  
 

         
  

From      , we have  

       
  

                      

where  

               
       

and 

       
        

Since the linearly independent solutions of        are       and      , we have 
by Abel’s theorem (see Theorem 3.3.2 of (Boyce et al., 2021))  
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where 𝑊𝑊(𝜉𝜉0) ≠ 0. For some constant 𝐶𝐶0 ∈ ℂ \ {0}, it follows from (2.16) that  

(2.17)                                    𝑊𝑊(𝜉𝜉) = 𝐶𝐶0𝜉𝜉−𝛾𝛾(1 − 𝜉𝜉)𝛾𝛾−𝛼𝛼−𝛽𝛽−1. 

Therefore, from (2.14) and (2.17) we have 

(2.18)                            𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑 = 𝐶𝐶0𝐾𝐾(𝑤𝑤1 − 𝑤̅𝑤1) 𝜉𝜉−𝛾𝛾(1 − 𝜉𝜉)𝛾𝛾−𝛼𝛼−𝛽𝛽−1

(𝑔𝑔1 − 𝐾𝐾𝑔𝑔2)2  

which implies 

𝑑𝑑𝜉𝜉(𝑤𝑤)
𝑑𝑑𝑑𝑑 = 𝐶𝐶 𝜉𝜉(1− 1

𝑛𝑛1
)(1 − 𝜉𝜉)(1− 1

𝑛𝑛2
) ( 𝐹𝐹1(𝛼𝛼, 𝛽𝛽;  𝛾𝛾; 𝜉𝜉)2 − 𝐾𝐾𝜉𝜉

1
𝑛𝑛1 𝐹𝐹1(𝛼𝛼′, 𝛽𝛽′;  𝛾𝛾′; 𝜉𝜉)2 )

2
, 

where  

(2.19)                                               𝐶𝐶 = 1
𝐶𝐶0𝐾𝐾(𝑤𝑤1 − 𝑤̅𝑤1). 

 

Corollary 2.2.1. The constants 𝐶𝐶 and 𝐾𝐾 in Theorem 2.1 are inversely proportional 
to each other.  

Proof. From (2.19), it follows that 𝐶𝐶 ∝ 1
𝐾𝐾.     
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